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INTRODUCTION. 

Algebra is that branch of Mathematical science 
in which number or quantity in general, and its seve¬ 
ral relations, are made the subject of calculation,, by 
means of certain signs and symbols, the nature and 
meaning of which may be explained as follows. 

I. 

Explanat ion of the Algebraic Method of Notation. 

1. Quantities whose values are known or determined, are 
generally expressed by the first letters of the Alphabet, 
a, h, r, d, See. ; and unknown or undetermined quantities are 
commonly represented by the last letters of the Alphabet, 

j, y, x, &e. 

2. The multiple s of these quantities, such as, twice a, 
three times b, five times r, &c. are expressed by plaeing 
numbers before them thus, 2 a, 3 b, 5 x, &e.; and the numbers 
2, 3, 5, &c. thus prefixed are called the coefficients of a, b, i* 
&c. in the several quantities 2 a, 3 6, 5 x, &c. 

3. The sign + (p/«.?) placed between two or more quan¬ 
tities means that those quantities should be added together; 
thus, a + b + *+&e. means the sum <rf the quantities a , b, x, 
&c.; and the sign — (minus) placed before any quantity 
means that such quantity should be subtracted from the 

B quantify 
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quantity or quantitie^irith which it is combined; thus, 
o—6 means the difference between a and 6; and a+ 6 — c, 

the difference between a+6 and c. 

* 

4. In the general expression a + 2 b —4 x + 3 y— 5 z, &e. 
sufcli quantities as have the sign + prefixed to them are 
called positive or affirmative quantities; and such as have 
the sign — prefixed to them, are called negative quantities. 
If no sign be prefixed to a quantity, then the sign + is under¬ 
stood ; thus in the foregoing expression the positive quanti¬ 
ties are a, + 26, + 3y, and the negative ones — 4 x, — 5~. 

fj. The general sign for the multiplication of quantities 
is x; but the manner of expressing the product of two or 
more quantities is varied according to circumstances. 
The product of quantities consisting of single letters is ex¬ 
pressed by placing those letters qpe after another, and 
generally according to the order in which they stand in the 
Alphabet; thus, the product of a and b is expressed hy a h ; 
of a, b, and x, by abx ; of 3 a, x, and y, by 3 uxy ; &c. <Sa\ 
The product of a + b and c-f d is expressed by a -f b x c + d y 
or a + b . c + d, or (a. -|- 6) (c d) ; in the two former cases, 
the line drawn over a -f b and c + d, to mark them as dis¬ 
tinct quantities, is called a vinculum. 


6. The sign-r-placed between two quantities means that 
the former of those quantities is to be divided by the latter; 
thus, a-f- b means that a is to be divided by b ; a + 6 -j- c + d, 
that a + b is to be divided by c + d. But since every fract ion 
represents the quotient of the numerator divided by the 
denominator, this division is more simply expressed by 
making the formerquantity the numerator, and the latter the 


denominator of a fraction; thus, - expresses the quotient of 

a + l ** 

a divided by b ; and.^qp^* the quotient of a + 6 by c + d. 


7. The 
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7. The powers of algebraic qualities are expressedby 
placing a small figure (equivalent to the number of factors, 
and called the index or exponent of the power) at the right- 
hand of the letter; thus, 

a x. a .or the square of a, .is expressed by a 2 , 


hxbxb . . . .or the cube of 6.by 6 s , 

x x x x x x x . .or the fourth power ofx .by x 4 , 

(</ + b)(ji + b)(a 4 - 6) or the cufce of a 4 6 .. by a * 

and so on. 


w 

8. The roots of quantities are expressed by t|ie sign 
with the proper index annexed ; thus, 

v/ a, or \/a, expresses the square root of a, 


^/b . cube root of b, 

\/n + x . fourth or biquadrale root of a + x, 


ami so on. The roots of quantities may also be expressed 
by fractional indices ; but this method of notation requires 
an explanation, which will he given in Chap. III. 

Like quantities are such as consist of the same letter, 
or the same combination of letters; thus, bn and 7a; 4 ab 
and 9ah; 2hx* and 6bx 2 ; &c. are called like quantities; 
and unlike quantities are such as consist of different letters, 
or of different combinations of letters; thus, 4a, 3 b, lax, 
bhj‘, &c. are unlike quantities. 

10. Algebraic quantities have also different denomina¬ 
tions, according to the number of terms (connected by the 
signs + or — ) of which they consist; thus, 
a, 2b, 3 ax, &e. quantities consisting of one term, are called 
simple quantities. 

a 4 x, a quantity consisting of two terms, is called a binomial, 
b —c (that particular species of binomial which expresses the 
difference between two quantities) is called a residual. 

bx+y—z, 
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bx + y—x t a quantity consisting of three terms, is called a 
trinomial. 

a 2 x + by— 3c + d, a quantity consisting of four terms, is 
called a quadrinomial. 

a + 6—c + z —y &c. a quantity consisting of an indefinite 
number of terms, a multinomiall 

11. The sign = placed between two or muse quan¬ 
tities, expresses the equality of such quantities; thus, 
“a + 6=c’ + d f ” means that a + 6 is equal to cfd; and 
" ax + by szcx+dy=ex+fy," mean that the quant itieS* 
asr + by, cx+dy, and ex+fy, are all equal to each other. 
When quantities are thus connected together by this sign 
of equality, the expression is called an equation* 

12. In algebraical operations, the word therefore, or con¬ 
sequently, often occurs. To express this word, the symbol 
is generally made use of; thus, the sentence “ therefore 
a + b is equal to c + d,” is expressed by “ a + 6=e -f </.” 

II. 

Exemplification of the Ahjebraic Siyns and Symbols. 

13. The use of these severed siyns, symbols , and abbre¬ 
viations, may be exemplified in the following manner: 

Ex. 1. In the algebraic expression « + 6 — c, let a = 
6=7, and c=3; then 

a + 6—r=9 + 7—3 

= 16 — 3=13. 

Ex.2. In the expression ar+ ay—xy, leta=5 t r = g,y= 1 ; 
then, to find its value, we have 

ax + ay—xy = £> X2 + 5X7—-2x7 
= 10 + 35-14 
= 45- 14 = 31. 


Ex. 3. 
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Ex. 3. What is the value of — where < 4 = 5, 6=3, 

b + x 

z= 7, and y = 5 ? 


Here ax-{-by=b X 7 + 3 X 5=35 + 15 = 50, 
and 6 + jc = 3 + 7= 10 ; 

. a.‘r+6y__50_ 

• ■ —;- : r_i_ ® * wi 

b + x 10 


Ex. 4. In the expression x - - ~t —, 

bx — a —c 


j = 6 ; What is its numerical value ? 

? Here aa?* + 6 ‘ : = 3 x 6 x 6 +5 X 5=108 + 25=133, 

and bx—a l —c—b x 6—3 X3—2=30 —9 —2=19 ; 
ax 2 + 6 ' .^3^^ 

bx—(f—c 19 


Ex. 5. There is a certain algebraic expression consisting 
of six terms connected together by the sign plus ; the first 
term of it arises from multiplying three times the square 
of a by the quantity 6 ; the second term is the sum of the 
.->ijuares of a and b dit ided by the quantity'c: the third is 
the product of a, b, and c; the fourth is two-thirds of the 
product of a and h ; tl^e fifth arises from dividing the square 
of a by the cube of b ; and the last term is a fraction, whose 
binomial numerator is the difference between a and 6 , and 
whose trinomial denominator is the sum of the cubes of a 
and 6 and the fourth power of c. 

All th is is expressed, in one line of algebraic writing, thus; 


3a V; + 

Let a=4,} 
6=3,* 


a * + 6 * 


+ abc + 


2a b 


. 6 ' a 3 + 6 3 +c 4 ‘ 


zs 


then the value of this quantity is, 

M4 + 16 + 9 + 24 + 8 + ~ + 

2 27 64+274-16 

or 
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CHAP. I. 

ON THE 

ADDITION, SUBTRACTION, 
MULTIPLICATION, AND DIVISION 

or 

ALGEBRAIC QUANTITIES. 


14. Previously to the application of the fundamental 
rules of Arithmetic to Algebraic quantities, it may be pro¬ 
per to observe, that, although the explanation of the sign 
minus in Art. 3. does not, in. strictness, extend beyond the 
subtraction of a less quantity from a greater one, it is con¬ 
venient to consider negative quantities abstractedly, with¬ 
out any reference to others from which they may be sup¬ 
posed to be subtracted. For although, when we say that 
2— 5 is equal to —3, we mean nothing more than that the 
addition of 2 and subtraction of 5, is, on the whole, equi¬ 
valent to the subtraction of 3; yet, after the algebraic 
operation has been performed upon it, the quantity 2 — f> 
assumes the definite value of — 3. 

It must be farther observed, that the word Addition is, 
in Algebra, taken in a much more comprehensive sense 
than in common Aritlimetic ; and as denoting the union of 
two or more quantities, positive or negative. Tlius, the 
union of 2 with — 5, in the foregoing example, is called the 
addition of those quantities. The same remark is to be ex¬ 
tended to Subtraction ; which is, properly, the finding such 
a quantity, as, bei nga IgebraicaIhj added to the subtrahend, 
will give the quant^y from which the subtraction is made. 



III. 

ADDITION. 


From the division of algebraic quantities into positive and 
negative, like and unlike, there arise three cases of Addition. 


C#E I. 

To add like quantities with like signs. 

15. In this case, the rule is, “ To add the coefficients of 

I* 

“ the several quantities together, and to the result annex 
“ the common sign, and the common letter or lettersfor 
it is evident, from the common principles of Arithmetic, if 
+ 2 a, + 3 a, and + 5 a be added together, their sum must 
be + 10 a ; and if— 36 3 f — 4b 2 , and — S6‘ be added together, 
thi ir sum must be —156'. 


Ex. 1. 

2x + 3a— 4 b 
3.r + 2 a — 5 b 
h + 8 a - 7 b 
9x + 4a— (j h 
5i + 7 a— 96 

23» +2la-3l6 


Ex. 4. 

3 a 3 + 4 a?"’— x 
2 r 1 + x'— 3x 
7+ i + 2ar —2x 
4.? 3 + r — x 


Ex. 2. 

7x + 3 xy — 5 be 
9x~+ 2 xy — 7 be 
11 x : + 5 xy — 46c 
ta) r + 4 ry — be 
x‘ + 9 ry — 26c 

29x +23 t?/ — 196c 


Ex. 3. 

4 a? — 3 a 1 + 1 
2 a 3 — a'+ 17 

5 a 3 — 2 a L + 4 
3a 3 — 7a' + 3 

a 3 — a 8 +10 

15a 3 —14a + 35 


Ex. 5. 

7 a 3 —3 a'6 + 2 a 6 3 —36 s 
4a 3 — a 6+ ab'— 6 3 
a 3 — 2a ! 6+ 3a 6 — 56* 
5a 3 — 3 a* 6 + 4a6 a — 2 6 3 


Ex. 6. 

2xy— 3r+ 2 
4x‘y—2t + 1 
3x ?/—5x + 10 
x* 1 ?/ — x+15 



(®) In these Examples, it may be observed that some of the quantities 
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addition. 


Case II. 

To add like quantities xrith unlike signs. 

16. Since the compound quantity a + b — c+d — e &e. is 
positive or negative, according as the sum of the positive 
terms is greater or less than the sum of the negative ones, 
the aggregate or sum of the quantities 2 a — 4a + 7a— 3a 
will be +■ 2 a, and that of the quantities 7 b' — 5 b ! + 2 b' — Hb 
will be — 4 6 s ; for in the form A 1 case, the excess of the sum 
of the positive terms above the negative ones is 2a; anil in 
the latter, that of the negative above the positive is 4 b . 
Hence this general rule for the addition of like quantities 
with unlike signs; “Collect the coefficients of the posit ire 
“ terms into one sum, ^nd also those of the negative ; sub¬ 
tract the lesser of these sums from the greater; to this 
“ difference , annex the sign of the greater together with 
" the common letter or letters, and the result will be the 
“ sum required.’’ 

If the aggregate of the positive terms be equal to that 
of the negative ones, then this difference is i qual to 0 ; 
and consequently the sum of the quantities will be equal 
to 0, as in the second column of Ex. 2. following. 


Ex. 1. 

4 or — 3l+ 4 

— 2 x * + r — :> 

3x —ir + 1 

7.-r + -2ff— 4 

— x — 4 J + 13 

Ex. 2. 

— 7 a h -+■ 3 h c — ./ g 

— a h -+- 2 b c + 1 r g 

3 a h — b c -f- .1 1 g 

— 2 rt b + 4 /> c — 3 i g 
bah — 8 bc-{- rg 

Ex. 3. 

— 5j 3 + 13 r 

— 2 x ’ — 1 Jr 

7 i ' + 
*>x # — 14 J 

— 13/' — 2 t 

9 

— 2a h * +3 xy 

— 4 r a — (ix* 

Ex. 4. 

4x 3 — 2 r+3y 
— x'' + 4 x — g 

7 x 3 — x + 9 y 
9x*+2lx — 2y 

Ex. 5. 

5 a 3 — 2ab+ b~ 

— o' ! 4 - ab+2b~ 

4 a 3 — 3ab + b~ 

2 a 3 + 4 « 6 — 4 6 s — 

Ex. 6. 

4 x g' — 2 xg — 3 
-xy— ay—1 
'3 x'y'-k 4 3 y — 5 
9 x 2 y* — 2iy + 9 


»tes4M 

® C A SI! 






ADDITION. 


Case III. 

17. There now only remains the ease where unlike quan¬ 
tities are to be added together, which must be done by 
collecting them together into one line, and annexing 
their proper signs ; thus the sum of 3 ar, — 2 a, + 56,— 4 y, is 
3x — 2 a + 5 6 — 4 y; except when iike and unlike quantities 
are mixed together, as in the following examples, where 
the expressions may be simplified, by collecting together 
such quantities as will coalesce into one sum. 

Ex. J. 

3 a b + x - y Collecting together like quanti- 

1c —27/+ a ties, and beginning with 3 a b, we 

f> a b— 3 c + r/ have 3 ah + bab=^8ab j*+ x + xn 

17/ + r -2 y + 2x ; — y — 2 y + 4 y — 2Jf=— y ; 

Hub + ■;,-,/+(■ + </+] u ‘~* }c = besides which there 

are the two ijuantities + <7 and + .r’, 
uhich do not coalesce with any of the others; the sum 
required therefore is Hu 6 + 2x — ?/ + <; + d + x'. 


Ex. 2. 

1 r ‘ — 2 Jt 7/ + I - 3 y + 4 x A 

x .'/ + :i »‘ !/ -t- r !/ -~ 1 , 

»' — 2 x + y — l.) + y 

3 x J —x i / —11+ 2 // + 12,7 ’ — 2x 


Here 4z—x^3aj 2 
— 2 x y + x y = —xy 
+ 1-1 5 = -14 
3 7/ + 4 y + y= + 2y 
+ 4 x'+3x* + 5x*= + 12z 3 

—.v 7 + .y =0 

— 2x=—2.r. 



were 
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were subtracted from a, the remainder wduld be greater 
by c, than if b were subtracted. Now, if 6 is subtracted 
from a, the remainder is o — b ; and consequently, if 6 —c 
be subtracted from a, the remainder will be a—6 + c. 
Hence this general Rule for the subtraction of algebraic 
quantities; “Change thp signs of the quantities to be 
“ subtracted , and then place them one after another, as in 
“ Addition/’ 

Ex. 1. From 5 a + 3 x — 26, take 2c— 4y. The quantity 
to be subtracted with its signs changed , is — 2c + 4 y; there¬ 
fore the remainder is ^f+3x—2&—2c + Ay. 

V 

Ex. 2. •From 7x ! — 2x + 5, take 3r + 5x—-l. 

The remainder is 7r—2 x +5 — 3 ar* — 5 x + 1, 

or 7x 4 —3x*—2x— 5x + 5 + 1 = 4/ —7x + (>. 

But when like quantities are to be subtracted from each 
other, as in Ex. 2, the better way is to set one row under 
the other, and apply the following Rule; “ Conceive the 
“ signs of the quantities to be subtracted to be changed, and 
“ then proceed as in Addition.” 

Ex. 3. Ex. 4. Ex. 5. 

From 7x 5 —2x+5 12a*-— 3a+ b— 1 5y l «*4y + 3n 

Subtract 3 x‘+5 x—1 6a 4 + a— 26 + 3 Gy 3 —ly — « 

Remainder 4X —7X +6 6a J —4a + 3& — 4 —y s * +4a 

ix. G»jr. ' ti l. 1 Ex. a 1 

From 7xy + 2x—3y 14x+y — x — 5 13 j 3 — 2x J +7 

Subtract2xy— x+ y x+y + r—11 —x*+ x*—6 

Remainde 
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* • 

MULTIPLICATION. 

19. In the multiplication of algebraic quantities, the 
four following Rules must be observed. 

i. When quantities having like signs are multiplied toge¬ 
ther, the sign of the product will be + ; and if their signs 
are unlike, the sign of the product will be — 

ji. The coefficients of the factors must be multiplied' 
together, to form the coefficient of the product. 

in. The 


* Tliis Rule for the multiplication of the Signs may he thus ex¬ 
plained ; 

To multiply a — b by e — d, is to add o— b to itself as often as there 
are units in c — d; now this is done hy adding it o timet , and subtracting 
it d timet ; 

But a — b, added e timet . . =ac — be, 
and a — b, subtracted d timet = — ad-j-bet, 

a — 6Xc —d .= ae—be — ad-\-bd. 

i. e. 4- a X 4- c = + ac 

— b X 4 c ==r —be 

■'t 

fax— d— — ad 

— b X —</— + bd. 

Or thus; 

I. If +d is to be multiplied by 4-6, it means, that 4- a is to be added 
to itself as often an there are units in b\ and, consequently, the product 
will be + a b. 



III. If 4- a is to be multiplied by —‘■b, it means, that 4-a is to be 
tubtracted as often as there are units in b, as appears from the foregoing 
explanation)- and consequently the product is.—ai. 

IV. IT —a is to be AWiplied by it jjneaaf^at —«> to be tub . 

traeted ^as often as there are units in b ; and, since to subtract a negative 
quantity is the same as to add a positive one, the product will be 4- a b. 
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in. The letters of which they are composed must be set 
down, one after another ; and generally according to their 
order in the Alphabet. * 

iv. If the same letter is found in both factors, the indices 
of it mi|gt be added together, to form the index of it in 
the product. This follows immediately from Art. 7, as will 
appear by the following example ; 

a* x a* = a«a x aa = aaaaa=a*. 

Thus, 4-a multiplied by +6 is equal to + ah, and 
— a multiplied by —b is also equal to +ab ; + 3a: x —by 
= — 15a 'y\ —3al>x + 4crf= — 12 ajtcd\ —4 «*6 3 x— -'3abd~ 
= + 12a*6*<i*; "&c. &c.# 

From the division of algebraic quantities into simple and 
compound t there arise three cases of Multiplication. In 
performing the operation, the Rule is, " To determine first 
the sign, then the coefficient, and afterwards the letters.” 

C A fife. I. 

, ^ *4 ** 

20. When both factors are simple quantities; for which 
the Rule has been already given. 


Ex. 1. 

Ex. 2. 

Ex. M. 

Ex. 4. 

Aab 

2axy 

— 3 abc 

— 5 a 1 b < 

3 a 

-3 y 

barb 

— 2 h~ x 

1 2 a 2 b 

— 6a xy* 

— 15 a 3 fr c 

+ 10« J /> 

Ex. 5. 

Ex. 6. 

Ex. 7. 

E*. 8. 


An be 9 r y' 1 

3 a c — 2 y 

Cask II. 

21. When one factor is compound and the other simple; 
“Then each term of the compound factor must-be' multi-* 

* plied 
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“plied by the simple factor, as in the last Case; and the 
“ result will bo the product required.’' 

Ex. 1. 

Multiply Sab —2ac + d 
by 4a 

Product 12a a 6—S« i c + 4atf 


Ex. 3. 

Multiply lx 1 — 2x -f la 
by — 3a 

Product — 21 ax 2 + 6 ax— 12 a 


Ex. 5. 

Multiply 9 a : x 4 - 3 a— x + 1 
by — x' 


Cash III. 

22. When both factors are compound quantities, each 
term of the multiplicand must be multiplied by each term 
oi the multiplier; and then placing like (junntiiies under 


each other, the 

sum of .all 

the terms will be the product 

required^* 



* 

Ex. 1. 


Ex. 2. 

Ex. 3. 

Multiply a + 

b 

a + b 

a 3 + a b + b~ 

* v by a -t- 

b 

a — d) 

■ «r“ ft , 

1st, by a . . a ! + 

db 

a" + a b 

a s + a 2 b -f a ft 3 

2d, by b 

1 b + V 

—ab—b * 

~a 2 b—ab 2 — b 
* 

Product a* -f 

■2a b + b'~ 

a 2 *-b* 

„ 3 * * - b 3 


Ex. 2. 

3x 3 ~2x J 4-4 
— Uax 

•—42ax 4 + 28ax 3 —56ax 


Ex. 4. 

I2a j —2a 3 + 4a— 1 
3x 
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MULTIPLICATION. 


Ex. 4. 

2x 

Ax 4 7 

12x*4 8x* 

4* 21 x' 4 14 x 

12V + 29J? + 14.r 


Ex. 5. 

3x ! — 2x +6 
6t - 7 

- -jr~-- —** 

18x*-~ 12 x 1 4*30 x 
—-21 x‘4 14:c—35 

18x*—33x 444x — 35 


Ex. 6. 


14a c 
a c 


3a b 4- 2 
a 6“ + L 


14aV— 3a'bc+ *2ac 

jrnpNKK** * — 14a 3 6c +3a l 6‘ — 2ab 

^ + 14 ac —3 a£ 4 2 

14oV—17a'bc4 16ac4 3a i &' — 5a&4 2 


4 



4 

3 


1 „ , 11 , 7 , 

-x 4 —ar—— t 4 
3 <i 9 


4 

3 


Ex. 8. Multiply a 3 4 3a i 64 3a6 ? 4& 3 • . by a 4 b. 


Answer, a 4 4 4 a 3 b 4 6 a'b ! 4 4 a h* 4 6 4 . 

Ex. 9.4x’y4 3xy—1.by 2x—x. 

" Answ. 8 x K y 4 2 x*y — 2 x— 3 j 3 y 4 x. 

Ex. 10. x 3 —z 2 4x — 3.by2x 2 4x41- 

Answ. 2x 8 —x 4 4 2a:*—10a: 2 -—4»—5. 

Ex. il .3a*4 2 a 6 — b 3 .by 3a 2 — 2a&46 2 . 

Answ. 9 a 4 — 4 0^4 4 a A 3 — b\ .4' 

* Ex. 12. 









MULTIPLICATION. 


Ex. 12. Multiply x* + x s »/+ xy 1 + y 3 * ...by x—y. 

Answ. x 4 — y \ 

3 *-* L 

Ex. 13.x —r-x+1.by x'- x . 

4 ■ : 2 

Answ. x 4 —* - x* + — x‘ — 1 r. 

4 8 2 
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VI. 

*■ 

DIVISION. 

* 

23. In the division of Algebraic quantities, the four 
following Rules (which arise immediately but of the con¬ 
sideration that the quotient multiplied by the divisor gives 
the dividend) are to be observed. 

i. That if the signs of the dividend and divisor be*Uke t - 

then'the sign of the quotient will be +; if unlike, then the 
sign of the quotient will be . ia) . 

ii. Thai the coefficient of the dividend is to be divided 
by the coefficient of the divisor, to obtain the coefficient 
of the quotient. 

iii. That all the letters common to both the dividend 
and the divisor must be rejected in the quotient."" 


(“) 'Flie Rule for the signs follows immediately from that in Multipli¬ 
cation ; thus. 


Since-f aX +6= -fat, ■ 
+ a X — 6= — ab, , 
— a X — b~ + ab, . 


-f- ab 

+ «“ 
— ab 


i k a '^ nb 

+*» and +T : 


__ _ b — ab 

’ + a ' — b 

±2»= -b, and +2i: 
— a —b 


+ a 
+ a 

— a 


i.e. like signs 
produce + , 
and ttnUke 
signs —. 


If any letter or letters are found in the divisor, which are not in the 
dividend, they must remain in the denominator of the fraction by which 
the division is expressed. See Art. 35, with which this case coincides, 
and the examples there. 
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DIVISION. 


iv. Tliat if the same letter be found in both the dividend 
and divisor with different indices, then the index of that 
letter in thejdivisor must be subtracted from its index in 
the dividend, to obtain its index in the quotient. Thus, 

1 . +abc divided by +ac . . . or = -j -b. 

■f « c 

ir. +6aftc.— 2a.. .or ®- a _—’ = — 3 be. 

— 2 a 


m. —10 xyz . 
IV. —2 (5 0X7/ 3 


* • d; o ?/ . . 

. . — Aazy, 


or 


or 


— 10 xyz 
+ ■></ 

-20 a a >/ 

— 4 a xy 


— 2rz. 

-f 5nx*/. 


Of Division, also, there are three Cases; the same as in 
Multiplication. 

* Case I. 

24. When the dividend and divisor are both simple terms. 

Ex. 1. 

Divide 18 ax' by 3oar. 

18 a x' 

-i_=6j. 

3 ft 3 


fi.X. 

Divide 1 5 <t lr by 
+ 1 5 a ‘ h 


ft a . 

= —3o h . 


5 a 


Ex. 3. 

Divide — J2 8 x~y 3 by —4 a t/. 

t 

- = + lxy : . 


— 28 x'y_ 


— 4xy 

Ex. 5. 

Divide— 11 a 3 b e by lac. 
— 14 a*b i c_ 

+ 7«c 


Ex. 4. 

Divide 2ba'c bv - 
+ 25«V_. 

— 5 i/V 

Ex. G. 

Divide —20 x j/'z' by —4 i/z. 

- 20 7 ' il~ z 1 

— 4yar # 

Case II. 


(“) If the index of any letter in the divisor should be greater than that 
of the same letter in the dividend, the index in the quotient will, by the 
Rule, be negative. The signification of this negative index will be 
explained in Art. 66. 
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Cask II. 

25. When the dividend is a compound quantity, and the 
divisor a simple one, then each term of the dividend must 
be divided separately, and the resulting quantities will be 
the quotient required. 


Ex. 1. Divide 42a + 3ab + 12a' by 3a. 

42 0 + a«i+l!«' = , 

3a 

Ex. 2. Divide 90 a ! x 3 —18 a a + 1 a~x — 2 ax by 2 a x. 
90aV-18ar+l« ! J:-2«* =15u;i ,_ 9r + 2a _ l 
2 a j 

Ex. 3. Divide 4i 3 — 2i : + 2 x by 2x. 

4x 3 — 2x' + 2r_ . K ' 

2jr 


Ex. 4. 


Ex. 




Divide— 24 a 2 z 2 ?/ — 3azy + 6z*i/‘ by — 3z?/. 
— 24 a'Vy — 3« xtj + 6 r'?/' __ , 

-3xy 


I)ivide 14 a h ' + 7 a 2 h' — 21 a'b 3 4 - 35 a 3 b by 7a />. 
14aV + 7a'6’’— 21 « : 6‘+35« 3 6__ , 3 : 
7^T/> 


Cask III. 

20. When the dividend and divisor are both compound 
quantities. I 11 this case, the Rule is, “ to arrange both di- 
“ videntl and divisor according to the powers of the same 
“ letter, beginning with the highest; then find how often 
“ the first term of the divisor is contained in the first term 
“ of the dividend, and place the result in the quotient; mul- 
" tiply each term of the divisor by this quantity, and sub- 
“ tract the product from the dividend; to the remainder 
“ bring down as many terms of the dividend, as will make its 

D > “ number 
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DIVISION. 


“ number of terms equal to tlie number of those in the di- 
“ visor; and then proceed as before, till all the terms of the 
" dividend are brought down, as in common arithmetic." 

Ex. 1. 

Divide a 3 —+ 6* by a—6. 

u —b^ a 3 —3a s 6 + 3 a 6 s —— 2 a b + & 5 

a 3 -— a’b 

* — 2a z b+ '3a b' 

— 2a 2 /> + 2ab l 

* ab' — b 1 
ab 2 -b' 

* * 


In this Example, the dividend is arranged according to 
the powers of a, the first term of the divisor, Ha\ mg done 
this, we proceed by the following steps; 

i. a is contained in «\ n times; put. this m tlie quotient. 

ii. Multiply a—b by a 2 , and it gives o J — a b. 

hi. Subtract a 3 —<rh from a 1 —3a l>, and the remainder 
is — 2 a'b. 

iv. Bring down the next term + 3 ab\ 

v. a is contained in —2 n~h, —2 ah times; put this in 
the quotient. 

vi. Multiply and subtract as before, and the remainder 

. I 2 k 

i sao. . # w 

vii. Bring down the last term — ~b*. 

vin. a is contained in ab\ +h' times; put this in the 
quotient. » 

ix. Multiply and subtract as before, and nothing re¬ 
mains ; the quotient therefore is a l —2ab +1>\ 


Ex. 2. 
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Ex. 2. 


r/ s +2«jr+.»-'W’+ btSx +-1 OaV'+ lOaV 4- 5ax* ■+of f a 1 + 3a 2 ir 4- 3oV +jr* 
«‘+2« , j”+ t/'V 2 ^ 

* 3 a 4 x + 9 a'x" +10 a'x 3 

3a 4 x + 6a 3 x'~, -3 a'x 3 

3 a 3 x~. + 7 aV 3 + 5 a ar 4 

3 « 3 x° + 6 a v 5t 3 + 3 « x 4 

* a'x 3 +2ar*+z* 

a 4 x 3 + 2«4+ 3 * 


Ex. 3. 


4 T 


— 7x)l 2r 8 — I3.r 4 —.U.i 1 + 10 T s (;ir’ + 2r-5^ + 


i2z 6 - 2 I • 


5x 4 “> 
4x‘— 7r 


+ Hi 4 -31j" 

-1- Hr 4 — l 4 jr 1 

* ~ 20t*+40i* 

— 20 x* +35 j ' 


+ 5 x 


Ex. 4. 

3? ti)6r‘ —06 (2/+4r* + 8a+ 16 
fi r 4 — 1 2 7 3 

* + 12r 3 — 96 

+ 1 2 x 3 — 24 x* 

* + 24 x- — 96 

+ 24 x 3 — 48 r 

* +48x—96 

+ 4Sx—96 
* V 


(•> When there is a remainder, it must be made the numerator of a 
Fraction whose denominator is the divisor; this Fraction must then be 
placed in the quotient (with its proper sign), the same as in common 
Arithmetic. 
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r* + x ■ 


L ^ a® — x*4- x* —: 
i'+I* — 3T* 


Ex. 5. 

-1 (V- 


r‘ + r-i+i 


fix 

-X-\; 1 


— X 5 + x : * — a 1 

— x* —x 4 + x* 

x —a — I 

4,3 1 

X •+■ X —X 


— x'— 1 
'#— x 3 — x s + a 

x" — x — L 

X 1 +‘.r — l 


2x 


Ex. 6. 


I + x) I (l — x + x l — a* + 
1 + j 


X 

1 + x 


- x ■ 


X* + 7 ' 


— a 

— ®»-x* 


In this last Example, the division may be continued to 
any number of ter ins at pleasure, observing only to place 
the whole divisor under the last remainder. 

Ex. 7. Divide « 4 + 4a , fc+6a i 6 , + 4a6 , + b 4 by a + 6. 

Answer, a 3 + 3 a 7 b + 3 a b* + &*- 

Ex. 8.a*— 5a 4 x+ 10a 3 x’ — 10a 3 x* + 5ftx 4 —x* 

by a, a — 3a*i+3ox l —x*. 

Answ. a*—Sax4* x s . 

Ex. 9. 




'■‘‘St*' 
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Ex. 1). Divide 25a 6 —,z 4 — 2a 3 — 8z a by 5 jc 3 —4r 2 . 


Answer, 5r 3 + 4ar + 3r-f 2. 

Ex. 10.a 4 + 8a 3 x-f 24a 2 x*-|-32ar :, -f 16a 4 bya-f2r. 

Answ. a 3 4- 6a 3 x + 12a a? + 8x*. 

Kx. 11.a 6 -~-x* by a— x. 

Answ. a 4 + a 3 .x + a 5 * ? + a x 3 + x*. 

Ex. 12. 6x* + 92*-20 1 by 3* s —3ar. 


J A..1VJ » fW O' I %> uH T V •— ■ ■ - . 

• 3^-3x 

Ex. 13.9x 6 — 46x 6 + 95x !! + 1 50ar by x — 4x — 5. 

Answ. 9 x* — 10 x 3 4- 5 x 3 — 30 1 . 


Ex. 14. . . . a by 1 — a 3 . 

Answ. a* + a ? x * + a x * + — x . 

1 —-x 


VII. 

On the application of the foregoing Rules to Quantities uith 

literal Coefficients. 

27. In applying the foregoing Rules to quantities with 
literal coefficients, such as, mi, ny, qx 1 &c. (where m, n, 
q, &c. may be considered as the coefficients of x, y, x*, &c.) 
a compound quantity may be expressed by placing the 
coefficients of like quantities one after another (with their 
proper signs) in a parenthesis, and then annexing the com¬ 
mon letter or letters. Thus, the sum of mx and nx, which 
is mx + nx, may be expressed by (m + n)x ; their difference, 
which is mx—nr, by (m— n)x; the multimonial rrtx*+hx l 
-px' + qx 1 , by (m-f n~p + 9 )**; and the mixed mul¬ 
tinomial pxy + qy % —rxy + my l —nxy, by ( p—r—n) xy 
+ (7 + m)y* ; &c. &c. According to this method of notation 
the operations are performed in the following Examples. 

# Ex. 1. 
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APPLICATION OF THESE RULES TO yUANTITIKb 


Ex. i. 

my* + w.y+ * 

. , — P V' — r u 4 nz 
Add < J 

qy 4 my — vz 

4 ry—qz 

(m — p + q) y~ 4 (« 4 m) y 4 (1 4 « - v — 7 ) 2 . 

# Ex. 2. 

From p x 3 4 7 a —rx+s 

Subtract mx*~n x*+ tx —v 

" Remainder (p—m)x 3 4(y4 w).* 3 - (r4/)»4 *4 r. (a ‘ 

Ex. a 

* 

Multiply pa 3 4 qx -r 
by mx - n 

nip: r 3 4 /« q£*—mrx 

— vpx 2 — nqx + nr 

Product nip 1 * + (mq — np)x t — (mr + nq )3 4 nr. 

, Ex. 4. 

Multiply a®*"—“ 6 x 4 c 
by x*— ci 41 

ax 4 — 6 x 3 4 ex* 

— acx* + hcx i —<?x 

4 ax*—6 t4c 

Product ax 4 —(ft4ac)x 3 4(c 46040 ) 3 *—(c*46)x4e. 

C) As the sign prefixed to quantities in a parenthesis affects them 
ail { wheif this sign is negative , the signs of all those quantities must be 
changed in putting them into the parenthesis. Thus, when 4-fjr is sub¬ 
tracted from — rx, the result is — rw-*~tx\ and, as this means that the 
sum of rx and tx is to be subtracted, that negative sum is expressed by 

— (rx 4 tx) = — (r + t)x. For the same reason, any multinomial quantity 

— ms 1 — — y + rsr J , when put into a parenthesis with a negative sign 

prefixed, becomes — (m — » + q — r)*». 
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Ex. 5. (Division.) 

~c* + l \ a#* -—(6 + ac) ar* + (c + be + ti) a? (c 2 + J)«+e^«xtf*—&*■ + £ 
ox i — acx 3 +fi^c , 

* - (c + hc>*-(c= + h):r 

— h* 3 +6cx* —$X 

+ car 4 . c 

+ C3C 5 -f c 

Ex. 6. Multiply mx*—nx — r ... by nx — r. 

Answer, mnx 3 — (n* + tnr)i l -f /■*. 
Ex. 7. Multiply r‘—px t + qx—r . by i-c. 

Answ. x 4 -— («+p)r 1| + (9 + flp)® 2 — {r-\-aq'<x + ar. 
Ex. 8. Multiply pi 2 — rx+q .... by ar—rx—</. 

Answ. />x 4 —(1 + p)rx 3 + (q+r 2 —pq)z 2 —g 2 . 

Ex. 9. Divide ax 3 —(a 2 + b)x 2 + b 2 . by ax — b. 

Answ. x 2 — ax — b. 

VIII. 

Some general Theorems, deduced, by means of the foregoing 

Rules. 

From the clear mid distinct manner in whicli’quantity 
and its several relations are represented throughout every 
part of an Algebraic operation, the exemplification of its 
most ordinary rules affords the means of investigating 
certain general Theorems relating to the sum. difference, 
product, &c. &e. of numbers, of which the following are 
examples. 

28. Let a and b be any two numbers of which a is the 
greater and b the lesser, and let their sum be represented 
by s and their difference by d. 

Then a-\-b=s 
and a — b—d 

bv Addition, 2 a —s + d 

and a =- + - 
2 2 


by 
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UKNEKAL THEOREMS. 


by Subtraction, 2b— s — d j 
and b~ 


■s — d'j 
s_d > 
2 2 ) 


From which we deduce this general Theorem, that “ if the 
“ sum and difference of any two numbers be given, the 
“ greater of tnem may be*found by adding half the given 
“ sum to half the given difference; and the lesser, by sub- 
“ tract ing hatf the given difference from half the given sum." 

29., Let a, b, s, d have the same relation as before, then 

s=a + b 
d—ci —b 


Hence,bvMultiplication,* x(See Ex. 2. Case III. 

I'U) 




and t/= 


d 

a' — b* 


a 


From which it appears, that “ if the sum artd difference of 
'* any two numbers be multiplied together, the product of 
“ that sum and difference gives the difference of the squares 
“ of the Two numbersand, that “ if tlic difference of tin' 
“ squares of the two numbers be divided by their diffe- 
“ rence, it gives their sum ; and if by their sum, it gives their 
“ difference." 

30. Let the number c be divided into any two parts a and b, 

Then c =a + 6 , 

c =a +b 

. by Multiplication, c ‘ = a) -f 2 a b 4- b' (See Ex. 1 . Case IIF.p. 14.) 

From which .we infer, tliat “ if a number be divided into 
“ two parts, the square of the number is equal to the sum 
“ of the squares of the two parts, together with twice the 
“ product of those parts." 

31. Let a and b be any two numbers; then. 

Their difference =u —b 
The difference of their cubes ==a 3 — b 3 
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By actual division, a—iAa'—b* (a'+ ab+b* (quotient) 

.a z -ai> 

~~Vtfb-b 3 

+ a 2 b — ab* 

+ ab i -b i 
+ ab 2 -b 3 

- -JttL 

* * 


Hence it appears, that 44 if the difference of the cubes of 
44 any two numbers be divided by their difference, the f/uo- 
44 find arising will be equal to the sum of the squares of the 
“ two numbers together with their product." 


CHAP. II. 

ON ALGEBRAIC FRACTIONS. 

Fm: Rules for the management of Algebraic Fractions 
are the same with those in Common Arithmetic * 

IX. 

On the Reduction of Fractions. 

32. To reduce a Mixed Quantity to a Fraction. 

Rule. 44 Multiply the integral part by the denominator 
44 of the fractional, and to the product annex the numerator 
44 with its proper sign; under this sum place the former 
44 denominator, and the result is the fraction required. 1 ' 

Ex. 1. Reduce 3 a + to a fraction. 

5 a* 

The integral part x the denominator of the fraction + 
the numerator =3ax5er + 2*=* 15a 3 + 2 x , 

Hence, i« the fraction required. 

5 a 


E 


Ex. 2. 
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ALGEBRAIC FRACTIONS. 


Ex. 2. 


4 6 


Reduce bx -, to a fraction. 

6a 

Here 5x x 6a 2 =30a 2 x; to this add the numerator with 
its proper sign, viz.—46; then Tlij ig the fraction 


6 «*• 


required. 


Ex. 3. 


Reduce Sx—~—- to a fraction. 

7 

Here 5xx7—35x. In adding the numerator 2x —3 
with its proper sign, it is to be recollected, that the sign — 

affixed to the fraction ' means that the whole of 

7 

that fraction is to be subtracted, and consequently the 
signs of each term of the numerator must be changed 
when it is combined with 35a:; hence the fraction rc- 

qiured is — —-—=-. 


Ex. 4. Reduce Aab+~ to a fraction. 

3a 


A 12a 6 +2c 

Answer, -- -. 

3 u 


Ex. 5. 


4a 


3 6- — — to a fraction. 

* 

156 2 a:—4 a 


5x 


Answ. 


5x 


Ex. 6.a —x + 


or—ax 


to a fraction.. 


Answ. 


2 2 
a —x 


Ex. 7. 3 ar— l x , 9 to a fraction. 


10 


30x 5 —4a + 9 


♦ 


Answ. 


10 
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33. To reduce a Fraction to a Mixed Quantity . 

Rule. “ Observe which ternps of the numerator are 
“ divisible by the denominator without a remainder, the 
“ quotient will give the integral part; to this annex (with 
“ their proper signs, and observing the caution given in 
« Ex. .3 of the last Article) the remaining term* of the 
“ numerator with the denominator under them, and the 
“ result will be the mixed quantity required." 


. ♦ Example 1. 

Reduce a -.f------ to a mixed quantity. 


a 


Here 


o 5 4-«6 


a 


■a + b is the integral part, 


b ! . 


and — is tiie fractional part; 


a 


a + b + — is the mixed quantity required. 

a 

Ex. 2. 

Reduce + 9 x—3c tQ a m j xe< j q Uan tity. 
5a 

\ c -i 

Here —— = 3 a is the integral part, 

5a 

m 

and is the fractional part; 


3 a -f* 


5a 
2x—3c . 


5 a 


is the mixed quantity required. 1 


Ex. 3. Reduce 


4a 2 — 5a 
2x 


to a mixed quantity j 

Answer, 2x— 


5 a 
2 x 


Ex. 4 . 4 _££ to a mixed quantity. 

4a 

Answ. 3a-fl — 


3c 
4 a 
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algebraic fractions. 


Ex. 5. Reduce to a mixed quantity. 

Answer, 5 x*— 3 2 ~ . 

5x 


34. To reduce Fractions td a common Denominator . 

♦ 

Rule. “Multiply each numerator ifcto every deriomi- 
“ nator but its own for the new numerators, and all the 
“ denominators together for the common denominators.” 

Example 1. 

T 

Reduce—•, ——, dfnd —, to a common denominator. 

3 6 5 # 

2x x6 x 5==106 xa f Hence the frac- 

5x x 3 x 6=75x >new numerators; jtions required are 

4ax3x6=12a6/ J106x 75x 12a6 

3 x b x 5= 156 common denominator; ^1S6 156’ 156 

Ex. 2. 

2 x i 1 3a? 

Reduce —, and —-, to a common denominator. 

5 4 

Hence the frac- 

Here(2x+l) x 4*= 8x+4 tions required 

new numerators ; n 


3r x 5= 15 x 


are 


5 x 4=20 common denominator; 8x4-4 ^ 15 x 

20 ’ 20 ' 

Ex. 3. 

Reduce-,-, and —, to a common denominator. 

a -fx 3 2x 

Here 5 x x 3 x 2 x = 30 x 2 *• the new fractions are 

(a— x)x(a + r) x 2x=2crx—2x 8 30x8 2a 2 x—2 

1 x(a + x) x 3 =3a + 3x 6 aa? + 6x* ffax+6x 2 




(a*fx)x3 x2x , =6ax+6x 3 


and 


3g-f3x 
6 o,x+ Ox 3 


Ex. 4. 
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Reduce —, 1^, and —, to a common denominator. 

5 3 a a • 

Answer, and 25s£ 

15a 15a* 15a 

Ex. 5. 

Reduce apd — to a common denominator. 

X 3 * 

An 31 * «£±f, and . 

3a; 

« 

Ex. 6. 

Reduce — and to a common denominator. 

5 4a 36 

Answ. + 

60a6 60ab 60ab 


Ex. 7. 


Reduce —- , apd — ,7 ^- ,to a common denominator. 


2x 


Answ. 


2 a* 
14aV—2 a* 
4a 2 i 


, and 


8x 3 —2 1 * 4 - 4x 

" ' TJ-——— 4 

4ai 


35. To reduce a Fraction to its lowest terms. 


Rule. “ Observe what quantity will divide all the terms 
“ both of tiie numerator and denominator wilhout a re~ 
“ mainder; Divide them by this quantity, and the frac- 
“ tion is reduced to its lowest terms." A more general 
Rule will be given at the end of this Chapter. 

Example 1. 


Reduce 1 to its lowest terms. 

The coefficient of every term of the numerator and deno¬ 
minator of this fraction is divisible by 7, and|£ie letter x 
also enters into every term; therefore 7x will divide 
both numerator and denominator without a remainder. 

* Now 
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Now + a + 3 X , 


lx 


and 


lx 

hence, the fraction in its lowest terms is ~ . 

Ex. 2. 

Redace a '° a ? to its lowest terms. 

5 arc 

Here the quantity which divides botrf^numerator and 
denominator without a remainder is 5a; the fraction 


therefore in its lowest terms is 


46 c —n + 2c 


ac 


Ex. 3.* Reduee to its lowest terms. 

a' — 6 

Here a~~b will divide both numerator and denominator, 
for by Ex. 2. Case III. page 13. or— 6*=(«+.6) (a—6); 

lienee — l - is the fraction in its lowest terms. 

+ a + b 

2 o «* 

Ex. 4. Reduce-- to its lowest terms. 

15a: 


Answer, 


2t 
3 ' 


Ex. 5. 


3a 6/ 
6 ax 


Ex. 6. 


Ex. 7. 


to its lowest terms. 

Answ. —. 

2 

to its lowest terms. 

lx 3 y 

A 2y — 3xy 

Answ. ,— y - - v . 

x 

51 ar — 1 1x +_34t to i OW est terms. 
17/ 

Answ, . 


Ex. 8, 
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Ex. 8. Reduce to its lowest terms. (See Art 31.) 

Answ.-* ‘ 

o' + ab +• o' 

X. 

on rut 

ADDITION, SUBTRACTION, MULTIPLICATION, 
AND DIVISION OF FRACTIONS. 

36. To add Fractions together. 

Rule. “ Reduce the fractions to a common denominator, 
and then add their numerators together; bring the re- 
“ suiting fraction to its lowest terms, and it will be the 
“ sum required.” * 

Example 1. 


Add 21 --- j * 


5 


, and -, together. 
7 3 


•Tix7x 3=63* 1 

hxsx3«30x| .. 63r+30z + 35ar == l28x isthefraction * 
2 X 5 X 7=35 1 1 105 106 

5 x 7 x3=105 
Ex. 2. 


required. 

Add a -, 2 -°-, and —, together. 
b 3 b 4a 6 


a x3/» x 4a= 12 0 * 6 ) 12a‘5 + 8 o I 6 + 156*_20a 2 6+156’ 

12 06* 


2rtx 6x4a= 8 a‘ 6 | 


12a6 


56 x 6x36=156* C . . ... , j\20a‘+156 2 . 

— \= (dividing by b) —— is the 

6 X 36 X 4a=*=12«6 

sum required. 


I2a6 


Ex. 3. Add 2 x + 3 , 1 , and ^, together. 

5 w 


(2 r + 3) x 2x X 7 =28j 4 +42x 
( 3a— l) x 5 X 7 =1052 — 35 
4*x5 x 2x=40x* 


2* 7 

28x s + 42x + litt x— 35 + 40 2 * 

m - 


5x2ar + 7 =70® 


682 s + 147*—35 • 

==zzjL.jl —*- is the sum 

70 * 

required. Ex. 4.* 
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Ex. 4. Add and together. 

Answer, . 

693 

& 5 ' ■ ' ' ^.together. 


Ex. 8- 


Answ 19J? a ~ + 28 a%h + 30 f) ' 

NSW. - lOab 


Ex. G. ... i-^t 2 , and ?, together. 

Answ. . 

105 

Ex. 7, ... - a , and —~r—— ’ together. 

36 56 

A 37 cr + 11 6 

• Axsw ? . - —- 

156 


——* and - —together. 
3 2® 


Answ. 


4® ; -'7 ar—3 


Ex. 9. 


Ex. 10. 


——, and ——, together. 
x —3 x Hh 3 

Answ. -. 
x* — 9 

a f , and -—y, together, 
o—6 a+6 

Answ. ^±|£. 
a —6 


37. To Subtract Fractional Quantities. 

Rule. “ Reduce the fractions to a common (lenoiuina 
«* tor; and then subtract the numerators from each other 

“ and under the difference write the common denominator.' 1 

* 

Example 1. 

* Subtract — from • 

^ 5 15 
3* X 15=45* | 70*-45* _25*_» j, the diBrercnce 

14®X 5 = 70® V 75 75 3 


Ex. 2 


5 x 15=75 > required. 
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. * 

Ex. 2. l> 

Subtract from ^ 

3 7 

(2x+ 1) x 7= 14x + 7 . 15x+6—I4x—-7 x—1 . 

(5x+2) x3=15x + 6 . 21 21 

3 x 7 = 21 J fraetlbn required. 

Ex. 3. 

From subtract ^l 5 . 

8 7 

.Ox—9) X 7 = 70x—63^ . 7 0x—6 3-24x-f 40^ 46x— 23 
3x- 



56 

is the fraction required. 

♦ 

x. 4. 


56 


Ex. 4. 

From subtract n ~ . 

a — b ' *' + /> 

&)(c7+-fc)== a s + 2a6 + 6*') . a t + 2a6-fy~o i + 2ab—b\ 
b)(a — b)~c? —2crfe + 6'^. o‘— b % 

6 )(a + 6)=a l —6* J is the fraction required. 

* A — X 


u 

Subtract — from — * . . . Answer, ~. 

5 10 10 

. . . ^from? 1 ^ 3 . 

7 4 

. ‘ 127x+17 

Answ. --- 

28 

. . . 2*±i from t* 
jc+l 6 


28 

* 4jc*— llx?- 

Answ. -- 

5 


. . . _rL—- from ti. Answ. ™ 

jc+l 6 5x+5 

. . . 2j ~ 3 from *Z+ 2 . Answ. !£-+?. 
3x * 3 3x 

. . . _L_ from -J-r. Answ, -~\ s . 
a + 6 o~o o 4 ~o J 

*3«__ U A nr. llttU* 40^ 


8 
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38, To Multiply Fractional Quantities. 

Rule. '* Multiply their numerators together for a new 
" numerator, and their denominators together for a new 
“ denominator, and reduce the resulting fraction to its 
“ lowest terms.” 


Example 1. 
Multiply ^ by ~ 


2xx4®=8ar 5 
7x9 =63 


the fraction required is- 

63 


Ex. 2. Multiply 1fL+.i by 

Here 24z a +6x , 

, 4 , -* (dividing the nu- 

(4*+l)x6ar=24af a +6r 21 v H 

and merator and denominator by 3) 


3x7 =21 


8r ! + 2x . 


is the fraction required. 


Ex. 3. Multiply by —% 
, 56 a-f 6 


By Ex. 2. Case III. page 13. (rr— 6) x 3r/’=(a -f 6) 

(a—b)x3a*; hence the product is C 3 / 1 -*(' 7 ~^)_ 

. 56 x(a-f 6) 

(dividing numerator and denominator by a *f 


3a 8 —3<r6 

56 

Ex. 4. Multiply ——— by — 

1 ^ 14 J 2**— 3t 

. 2lax — 35a j , ... 

Here • ' =( d ’ vldin g 

# 

(3ar — 5x) x 7a==2 lax*— 35ax the numerator and denomi- 

. , • . . ‘ natorby7r) , . is the 

(2x , -3x)Xl4 = 28x , —42x - J 


fraction required. 


Ex. 5. 
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Ex. 5. 

Multiply _®iL 

X _ 1 

by 

3® 



7 * 

7z— 

Ex. 6. 

3®-® 

• • • * • —... 

5 

by 

10 

2® 4 —4®* 

Answ. 3 *- 1 . 
®— 2 

. Ex. 7. 

2a 

* « * • • — 

a—b 

by 

a*—6* 

8 * 

Answ. °’+ a6 , 
4 

Ex. a 

3x a 

by 

15 a;—30 

Answ 

5® — 10 

2® 

2 


f 39. On the Division of Fractions. 

ule. “Invert the divisor, and proceed as in Multiplication.” 

Ex. 1 . Divide 14 by —. 

9 J 3 

Invert the divisor, and*it becomes —; hence i--£ x ^ 

2x 9 2x 

4 2 t* lx,... 

— = 7 - ' (dividing the numerator and denominator by 

1 S x .3 

tij) is tiic fraction required. 

* Ex. 2. Divide - 1 - 4 -? ~ ? by 


5 


25 


1 — 3 v 25 __(l4r — 3) x 5_70x—15 

5 lOx— 4 lOx— 4 lOx—4 

Ex. a Divide by 4 " + 4 6 


2a 


* 6b 


5"' — 5/e_ 5(r/ -+■ /» ) (a — b ) . 5 (a + b) (a — b) 


6b 


2 a 


2<i 


2 a 


1 >i + \ b 4 '(a + b) 
6 b 66 ’ 


4 X (a + 6) 


30 b (a — b) _15ah—156 s . 


8 a 4 a 

the fraction required. 

Ex. 4. Divide -- by .... Answer, 

7^5 63 

■p v r, 41+2 , 2x + l A lOx 

3 J 5® 3 


is 


Ex. a 
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Ex. 6. 

Divide by 5^-. 

5 4 

Answer, 4 ® 12 

Ex. 7. 

9 a* — 3x . x~ 
b 7 5 

Answ. 9 3 . 


XI. 



On the Method of finding the Greatest Qommon Measure of 

two or more Quantities. 

40. One quantity is said to measure another, when it is 
contained in that other a certain number of times, witl# 
out a remainder. 

41. A quantity is said to be a multiple of another, when 

it contains that' other quantity a certain number of times, 
Without a remainder. - • 

42. A common measure of two or more quantities is any 
quantity which measures them all; and the greatest coin- 
mon measure is the greatest quantity which will so mea¬ 
sure them. Thus, 2 a is a common measure of the qqan- 
tities 24a6\ I6a'bc f and 12a6 c 2 , and their greatest common 
measure is 4a 6. 

43. If one quantity measures another, it will also mea¬ 
sure any multiple of that quantity. Thus, let 6 measure 
a by the units in then a=mb, and Jet no be a multiple 
(denoted by the units in n) of a; the na=.nmb ; conse¬ 
quently 6 measures n a by the units in nm. 

44. If one quantity measures two others, it will also 
measure their sum and difference. For let c measure a 
by the units in m, and b by the units in n, then « = mc, and 
6 = n c; therefore a±b la) = mc±n c,=(m± n) c ; conse¬ 
quently c measures a + 6 (their sum) by the units in m+n, 
and a—6 (their difference) by the unitsin m—n. 

45. The 


(*) The quantity ait means a plus or minus b. 
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45. The Rule for finding the greatest eopimon measure 
of two numbers may be thus investigated. * Let a and b be 
any two numbers, whereof a is «the greater; and let the 
following operation be performed upon them; vizi 


6)a(p 
pb 

c )K'i 

. 

d)c(r 

v rd 

«• — -- 

0 




Where a divided by b gives the quotient p, 
and remainder c ; b divided by c, the quotient q, 
.and remainder d ; c divided by d, the quotient r, 
/and remainder 0. Then, since in each case 
the dividend is equal to the divisor multiplied 
by the quotient plus the remainder , we have, 


c=rd * 

b—qc + d== (since qf^qrd) qrd+d=(qr + 1 )d 

a=pb + c— ( S * nGG ^P^ r ^‘P^^\(pqr~{-p+r)d. HenCe 

since p, q, r are whole numbers, d is contained in b as many 
times as there are units in qr+ 1 , and in a os many times 
as there are units in pqr + p + r ; consequently the last 
divisor d is a common measure of a and 6 ; and this is evi¬ 
dently ^e case, whatever be the length of the operation, 
provided that it he carried on till the remainder is nothing. 

This last divisor d is also the greatest common measure 
of a and b. For let x be any common measure of a and b, 
such that 

a=mx f and b=nx, then m 

c — a —p b — rnx — pnx—(jn— pn)x 

d- b — qc=nx —(qm— pqn)x=(n~ qm + pqn)x; ,\x mea¬ 
sures d by the units in n—qm + pqn t that is, every common 
measure of a and b measures d. Now it has bqpn shewn 
that d is a common measure of a and b ; and the greatest 
measure of d is evidently itself; consequently d is the 
greatest common measure of a and b. Hence this Rule 
for finding the greatest common measure of tVo numbers; 
“ Divide the greater by the lesser, and the preceding 
“ divisor by the last remainder, till nothing remains; the 
“ last divisor is the greatest common measure.” 


* 


To 
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■ I* 

To find the greatest common measure of three numbers, 
a, b, c; let d be the greatest common measure of a amt 'b, 
and x the greatest common measure of d and c; &ien x is 
the greatest commoft measure of a, b, and c. For, let 
a—md, b—nd, d=px ; then a—mpx, and bssnpx, there¬ 
fore x is a common measure of a and 6; and, since it also, 
measures c, it will be a common measure of a , b, and c. 
But, as above, every common measure of a and b measures 
d; therefore every common measure of a, b , anti c, mea¬ 
sures d and c; and, consequently, the greatest common 
measure of d and c, or x, will also be the greatest conf^ 
mon measure of a, b,j md c. 

In general,, let there be any set jjj numbers, a, b, c, d, e, 
&c.; and let x be the greatest common measure of a and b ; 
y .the greatest common measure of x and c ; z the great¬ 
est common measure of y and d\ &c. &c. ; then will y lje 
the greatest common measure of a, b, c ,; z the greatest 
common measure of a, b, c, d ; &c. &c. 

46. To find tlife greatest simple common measure of 
Algebraic quantities, the Rule is, “to find the greatest 
“ common measure of their coefficients, and then annex 
“ to it the letters common to all the quantitiesthus the 
greatest common measure of 24 ax y\ 16 bxy, and 6axy J 
is 2xy, 

To find the greatest compound common measure of two 
algebraic quantities, “ first divide each, of them by their 
“ greatest simple common measure (if they have one); 

“ arrange their terms according to the dimensions of the 
44 same le^er, and divide either, or both of them, by the 
44 greatest simple factor which it may contain; then per- 
“ form on them the same operation as that for finding 
“ the greatest common measure of two numbers, observing 
“ only, that the remainders which arise are to be divided 
44 by then* greatest simple factors, and that the dividends 
** may, if requisite, be multiplied by any simple quantity 
“ which will make the first term of the dividend a multiple 

“ of 
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“ of the first term of the divisor. Lastly* multiply the 
“ compound common measure thus obtained ?y the simple 
“ one originally taken out, and th^produet will be the 
“ greatest common measure required. 1 ' la! 

Example 1. 

Find the greatest common measure of 6 n 2 + I 1 a* + 3x* 
and 6 a a + 7na:—3X*. 

These quantities having no simple divisors, we imme¬ 
diately proceed as follows; 

6a? + 7 a x—3x^ 6 a + 11 a x-f 3x a ^l 

6cr + 7 ax—3x 9 

# —- 7 

«t* 4 a r -f 6 x 

l>ividing 4a®.+ 6x 5 by its greatest simple divisor 2 t, we 

^ UUe 2a + 3xj6n i +7ax — 3x 9 ^3a—x 

6a*+9ax 

• — --- 

—2 ax — 3x 9 

— 2 ax —3x 2 

* 

* * 


Hence 2 a + 3 x is the greatest common measure. 

Ex. 2. 

t 

Find the greatest common measure of 8 a 9 b 9 — 10 a b 3 + 2b* 
and 9 a*b —9 a 9 b 2 + 3 a?b 3 —3 ab*. 

The greatest simple common measure of these quan¬ 
tities is b; which being taken out from both, they become 

8 a 9 b 


(*) The rejection of these simple factors from the original quantities, 
and from the remainders which arise in the process, or the multiplication 
of the dividends pointed out in the Rule, will not affect the compound 
common measure sought; which can have no simple factor, because the 
original quantities have (by the Rule) their simple factors taken out, pre¬ 
viously to this part of the process. 



40 GREATEST COMMON MEASURE. 

Sa 9 b —10a6*-l-26 8 and do 4 —9a*6 + 3a 5 //— Sab 9 ; the for¬ 
mer of these is divisible by 2b, and the latter by 3a; 
which divisions being made, the given quantities are re¬ 
duced to 4a* — 5ab + S* t and 3a 8 — 3a*6+a6 s —6\ Mul¬ 
tiply this last by 4, to make the operation succeed, and 
we have 

4 a*—5a64*& a ) 12a 8 — 12a*6 -p 4 ah 9 — Ah 3 (3a 
12a 1 — 15 a 6 + 3a b'' 

3 a 6 + a 6* — 4 b* 

Dividing the remainder by b, and multiplying the new 
dividend by 3, we have 

3a* + a6—46*^ 12c^-l 5a6-f 3 6*^4 
/ 12a 5 + 4a6—166* 

~ — 19a6 + 196- 


Lastly, Divide the remainder by—196, and proceed thus; 
a—6) 3a* +ab—W (3a— 4 6 

, 3a*—3a6 

4a6—46* 

4a6—46* 


« * 

*which .gives a—6 for the compound common measure; 
and this being multiplied into the simple one 6, we have 
ab —6* for the greatest common measure sought. 
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CHAP. III. 


ON THE • 

INVOLUTION AND EVOLUTION OF NUMBERS 

AND OP ' 

ALGEBRAIC QUANTITIES. 

XII. 

Qn the Involution of Numbers and Simple Algebraic 

Quantities . 

47. Involution, or “the reusing of a quantity to a given 
power/" is performed by tne continued multiplication of 
that quantity into itself, till the number of factors amounts 
to the number of units in the index of that given power. 
Tims, the square of a or a~ — a xa; the cube of b or 6 3 = 
b xb xb; the fourth power of 2 = 2x2x2x‘2=:16; the 
fifth power of 3 = 3x3x3x3x 3 = 243; &c. &e. This 
rule, as applied to numbers, will be readily understood by 
the mere inspection of the following Table. 

ROOTS AND POWERS OF NUMBERS. 


| Root ‘ 

> 

2 

i 3 

1 4 

5 

‘6 

1 

7 

8 

9 

10 

1 

1 

4 

9 

16 

25 

36 

49 

wm 

m 

81 

100" 

Cube 

1 

8 

27 

64 

]25 

216 

t 

343 

512 

729 

1000 

4th power 

1 

16 

81 

256 

625 

1296 

1 

2401 

4096 

6561 


5th power 

1 

32 

243 

10243125;777G 16807 

1 ! 

32768 

59049 

loooooj 


48. The .operation is performed in the same manner 
for simple algebraic quantities; except that in this case it 
must be observed, that the powers of negative quantities 
are alternately + and — ; the even powers being positive, 
and the odd powers negative. Thus the square of +2a 

G is 
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is -r 2a x +2a or + 4a*; the square of — 2a is — 2a x — 2a 
or +4a*; but the cube of—2a = —2a x —2a x ~-2a = 
+ 4a“ x — 2a — —8a\ 


The several powers of - are, 
a 1 


„ a a 

Square =-X~.~ 

0 Q 


b ' 


And the several powers of — 

b b 6 1 
S,«^=--X--= + p,. 


,, . a a a a' 
Cube =7 X t X v X 7j, 

OOOb 

, , a a a a a 1 

&c. =&c. 


C«6e = -—x 
2c 


6_ 6 _ 1/ 
2c X ‘Jr Hr 1 ' 


b ' b b b 6* 
r 2c 2c 2c 2. ll,c‘ 


Upon this principle the powers of the several roots in 
the following Table are caldftated. 

ROOTS AND POWERS OF SIMPLE ALGEBRAIC QUANTITIES. 


■ 


_A 

1 

261 1 

i 

a 

3/ 

2fl 

I - 

fl ft — . 

! 4 

! 

| r 



26 

~ v 

36 


1 y 

Square 

•) 

U' 

+ 6 3 

46* 

l 

. 

a 

46 

9/ 

+ 7‘- 

4 >r 

96*' 

. , ' «* 
a*6* ,4 

! 

4- — 

.»■*' 

\r>y 

Cube 


-6* 

: 86 

q} 

27./ 

8 a 3 

! 

uV- ¥ 

27./ 

T 

8 b K 

y 4 

27 6 ‘ 

126 

C 4,/ ’ 

4th 

*I’ower 

..i 

+ 6‘ 


a x 

81a- 9 

10 a 4 


81 / 
+ 625 

X* 

. 

1 1)0 

166 1 

+ 4 
y* 

816* 

250 y* 

6th 



326 10 

_ 

a 6 

243 x 10 

.32 a 6 

_!OiA’ ° 

243/ 

/ 

Tort er 

—*0 

326 s 

V 6 

2436 s 

P“ 6 

3125 

1024 y 6 


XIII. 

On the Involution of Compound Algebraic Quantities. 

49. The powers of compound algebraic quantities are 
raised by the mere application of the Rule for Compound 
Multiplication (Art. 22.) Thus, 


Ex. I 
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Ex. 1. What is the square 
of a + 2 b ? 

n 4-2 6 
a 4- 2 b 

n + 2ab 

4- 2ab+ Abr * 

Square = a* 4- 4 aft + 4£r 


Ex. 2. What is the cube of 
d l —x? 

a?—x 
«*—® 

a* — n 2 x * 

— a'V+af 

— 2 a'x + x' 

—x 

a n —2 a 4 i + aV 

— <i i x+ 2 a 2 y 2 — ,i 5 

Cube=« 6 —3aV—*' 


E£ 3 

What is the 5th povvcr of a 4 -ft ? 
a 4- ft * 

a + ft 


Square=a 4 
a 


a 4- a 6 

-f a ft 4-ft 2 

0 * ”■ ' 

«* 4 - 2 ah 4 - ft-’=Square 

a 4" ft 

-* 

u’+*2a 2 ft4- oft 

4- a ft 4- 2ab’ + b* 

a 3 4- 3 o*ft 4- 3 a b 2 4- ft'^Cubo 
a 4- b 

a* 4- 3 a*ft 4- 3 a ft"4-- «ft 3 
4- « 3 ft 4- 3 a ft 2 4 : 3 a ft 3 4- ft 4 

a * 4- 4a 3 /;4- Gab 1 4- 4 ab 1 4-ft 4 = 4th Power 
a 4- . ft 


a 6 4- 4 a 4 ft 4- 6 a*b l 4- 4 rr'ft 3 4- a ft 4 
4- a 4 ft4 4 a 3 ft 3 4r 6a 5 ft 3 4-4oft 4 4-ft‘ 

a* 4- 5 a 4 ft 4-10 a 3 ft 2 4-10 a ft 3 4^-5« ft . 4 4- ft 5 — 5th Power. 

~Ex. 4. 
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Ex. 4. The 4th power of a + 3b is a 4 + 12a 3 6 + 54 
+ 108a//+81i 4 . 

E*. 5. The square of 3 x* 4-2x4-5 is 9x 4 4* 12x s 4- 34 s’ 
+ 20x4-25. *_ 

Ex. 6. The cube of 3x—5 is 27x 5 — 135.1* + 225x—125. ■ 
Ex. 7. The cube of x* — 2x+l is x 6 — 6x 6 + L5x 4 — 20i 3 
4- 15x a — 6x4- i. 

50. In the involution of a binomial quantity of the form 
a4-6, the several terms in each successive power are found 
to bear a certain relation to each other, and observe a cer¬ 
tain law, which the following Table is intended to explain. 

TABLE OF THE POWERS OF a 4- 6. 


Mode of 

I’oweta expressing rowers expanded, 

them. 


Square 

(a + by 

j 4 2 a h H- b~. 

Cube 

(« + &)' 

! 

a* 4 3a l b 4 3 ah' 4- fe 1 . 

4th Power 

(* + 6) 4 

a* 4 4 >i^b 4 6 (Cb~ 4 4 tib 1 4 b 

* * 

5th Power 

(a 4 b) h 

« s 4 5 cl *6 4 10 aVr 4 lOa 4 ^' 1 + 5 at 1 4 5 s . 

6th Power j 

(a + b) n 

a" 4 6 d’b 4 15 a '4* 4 20 a%' 4 1.» u'b' 4<C a 6 s 4 5°. 


The successive powers of a—b are precisely the same 
as those of a 4- b, except that the signs of the terms will 
be alternately 4 - and —. Thus, the fourth power of a—b 
is a 4 —4 a*b + 6 a~L~ — 4 a 6* 4- b* ; and so of the rest. 

In reviewing that column of the foregoing Table, which 
contains the powers of a 4- b expanded, we may observe, 
i. That in each case, the first term is a raised to the given 
power, and the fast term is 6 raised to the same power; thus, 
in the square, the first term is a 1 , and the last b 1 ; in the cube, 
the first term is a 3 , and the last b *; and so of the rest 
if. That with respect to the intermediate terms, the 

♦ powers 
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powers of. a decrease, and the powers of ft increase, by unity 
in each successive term. Thus, in the fifth power, we have 
In the second term .... a*b ; * 

• third a 3 ft 2 ; 

fourth .. . a 8 ft 3 ; 

jgflh .aft 4 ; 

and so in the other powers. 

in. That in each case, the coefficiSkt of the second term 
is the same with the index of the given power. Thus, in 
. the square it is 2; in the cube it is 3 ; in the fourth power 
it is 4; and so of the rest. 

iv. Th/it if the coefficient of a in any term be multiplied 
by its index, and the product divided by the number of 
terms to that place, the quotient will give the coefficient of 
the* next term. Thus, 


In the fourth power. 


coeff. of a in the 2 a term*its index 


1x3 12 


number of terms to that place 


TIaX 

that 


- 6=coefficient of third term. 

2 2 


In the sixth power, coeff ‘ of a in the -^- term xUs index 

number of terms to that place 

^=ziL2i^=^= 15 as coefficient of fifth term. 


We arc thus furnished with a general Rule for raising 
the binomial «-pft to an$ power, without the process of 
actual multiplication. For instance, let it be required to 
raise a + b to the eighth power; then, according to the 
Rule just laid down. 

The first term is.a*. 

The second . . 8a 7 ft. 

The third .L^a B 6 : =28a fi ft ! . 

2 v* 


The fourth . x ? fl*6 a =56a s ft 3 . 

3 

The fifth .^®Jl5a 4 ft 4 =70a 4 6 4 ; 

4 


and so on. * 
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And thus we have 

(a+6) 9 =a 8 + 8a T 5 + 28a®& 2 + 56«a‘h 3 + 70a 4 6 4 + 56a*6* + 
28«*6 # +Sa6 T + 6 B . 

In the same manner it will be fouu^, # 

Ex. 2. Tliat (a— b) 1 = a 1 — 7 a*b + 21 a s fr 2 - 35£i 4 6* +35 aV 

— 2 1 a 2 // + 7 ah*—b 7 0 

Ex. 3. That(x—y)®=x 9 —9r 8 y+ 36x T ?/--84x c // , +126x 6 y* 

— 126 x 4 // + 84 x 3 y 6 — 36 x g 7 + 9 x if — y*. 
Ex. 4. That (x + a) in =x ,0 + 10x°a +45x e « 2 + 120ar 7 rt 3 + 
210xV + 252xV + 2I0*V+ 120xV + 45*V + 10xa 9 + «’°. 

In reviewing these several examples, it may be ob¬ 
served, that, when the number of terms in the resulting 
quantity is even, the coefficients of the two middle terms 
are the same ; and that in all cases, the coefficients increase 
as far as the middle terms, and then decrease precisely in "the 
same man^r until we come to the last term. By attending 
to this law of the coefficients , it will only be necessary to 
calculate them as far as the middle term, and then set down 
the rest in an inverted, order. Thus, in Ex. 3. (r — y*\ 

The first five coefficients are 1, 9, 36, 84, 126. 

The last five .. 126, 84, 36, 9. 1. 

51. But we are pot yet arrived at the most general form 
in which this Rule maybe exhibited. Suppose it was re¬ 
quired to raise the binomial a + fcto any power denoted 
by the number (n). Proceeding with n as we have done 
with the several indices in the preceding examples, it ap¬ 
pears that 

The first term would be a n . 

The second . na n 'h. 

The third ."fezUrf-W. 

* 2 

The fourth .a M ~V/. * 

2.3 

The fifth .StP-77 0 ( n ~ 2 ) ( n ~g)^"~VA 

2.3.4 


- The 
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The last term would be b n . 

Or, (a 4 - hy , =sa H +na*- t b + ”(?T l )( n ~ 2 ) 

2 2.3 

a'-W + li fe— . 1 ) ( !i ~ . 2 . )I”T: 3 ) o»- < 6« + & c .+ 6". 

2 * J»4 

By the same process, (aw^b) n = a n — na n ~'b + n ( n ~^a*~ i b~ 

__n fn — 1) (n-^ 2) &c. . t j ie s ig ng 0 f t j ie termsJbeing 

2 1 3 


alternately -f and —. 

This general and compendious method of raising a bi¬ 
nomial quantity to any given power, is called, from the 
name of its celebrated inventor, Sir I. Newton’s “ Bino¬ 
mial Theorem.” Its use v^ill appear from the following 
Examples. 

• Example 1: 


Raise r + 3y* to the fifth power. 

Iu comparing (V-f 3i/) 5 with (a + b) n , we have, a=j‘, 

b—3if, — 

Substituting these quantities for a, b, n, iu the foregoing 
general formula, it appears, that 


=x'°. 


The A*) 

term . J ' ' 

2 d .( na n ~ , b ).is 5Xfr 2 ) 4 X 3y' =1 5x*y\ 

3 d . a n -b^ .... is 5x|x(^) J X(3y )’=90«V- 

4th .... U 5X^X^x( Jf -) s X(3/) 3 =270^V. 

5th. ~^^ is 5X~XXXJ^ X(3y')’=405-Ty 8 . 
Labt .(&") .is (3y ) 5 =243y 10 . 


So that (x 1 + Sy?-x t0 + 15A’ + 90.®V + 270*V* ^+ 405*V + 243y'°: 

In the application of tliis formula, it may be observed, 
that the number of terms, of which the binomial consists, is 
always one more than the index,of the given power; after 
having calculated therefore as many terms as there are 
units in the index of the given power, we may imme¬ 
diately proceed to the last term. 


Ex. 2. 
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J* * 

Ex. 2. 

Raise 3 a + 2y to the 6th power. 


Here 3x=a 
2y=b 
n =6 


and (3 x f 2 y) # = 7 29 x fi + 2916 x*y + 1860 x*if 
+ 4320 x*if + 2160 *y + 5 76 2 y s + 64 y 6 . 


Ex. 3. 

Raise x—2y' to the 7 th power. 

to 

Here x=a)j and comparing (x — 2 iy : ) 7 with (a —by \ we have 
2y'—b > r 1 — 11 x 6 y i + 84 x & y* — 280 x i y° + 560 x* y 6 —- 
n—l j 672 x y 10 + 14Si «/'*— 128y 14 for t!ie quantity 
required. 

52. By means of this Theorem, we are enabled to raise 
a trinomial or (juadrinomial qtfcntity to any power, with¬ 
out the process of actual multiplication. Thus, suppose 
it was required to square « + 6 + e; inclosing « + 6 in a 
parenthesis (a+ 6), and considering it as one quantity, we 
should have (a + 6 + c)'=(a + 6) + cj ; =(// + b ) + 2(a + b }c + c~ 
= a" + 2 a 6 + 6 + 2 a c + 2 6c + c\ 

In the same manner we have, 


Ex. 1. (a + b + c + d f={n + 6) + (c + df = (a + b) 1 + 2(a + b) 
(c+(I)+ (c + t/) 2 = rr + 2 tf6 + 6~ + 2r/c+ 2r/rZ + 26r + 26 J + c’ 
+ 2ct/ + d 2 =a* + 6 1 + c 2 + r/ a + 2(«6 + oc + «c/ + 6c + 6t/ + re/). 

Ex. 2. + 6 + c)* = [a + 6) + c] 3 = (o + 6)' 1 + 3(o + 6) ‘ e + 

3(a + 6)c' + c 3 = a 3 + 3a 2 6 + 3a6 J + 6’ + 3nV + 6«6c+ 36V + 
3ac* + 36c 2 + c 3 = a 3 + 6 3 + o' + 3 (« 2 6 + a6 + a'c + ae 2 +6' c+ be') 
+ 6a6c. 

Ex. 3. (® + y+ 3z) 5 =(z + y) + 3~f= (x + »/)*+ 2(j + y) x 
3z + (3z) 2 = x 2 + 2r?y + ?y 2 + 6;rz + 6?yz + 9z 2 . 


XIV. 

On the Evolution of Atyetnraic Quantities. 

53. Evolution, “ or the Rule for extracting the root of any 
quantity,” is Just the reverse of Involution. To perform the 
operation, we must inquire what quantity multiplied into 

itself, 
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* 

itself, till the number of factors amount to the number 
of units in the index of the given root, will generate the 
quantity whose root is to be extracted. * 

54. This Rule, as applied to-small numbers and simple 
algebraic quantities, may be easily explained by reference 
to the Tables in Art*. 47, 48. Thus, 


49=7X7; .' 

— 

16a 1 _2 ft 2a 

8I6'~36 X 36 


. the square root of 49, or 4/49=7. 
b X — b; the cube root of — b^=(*£f 


, 2a 2 a 
X 36 X 36‘ 


b 3 )= — b. 
the 4 th or biquadrate root of 


16 a^\ 
81 b*)~ 


3*2 = 2 x 2 X 2 X 2 X 2 ; the fifth root of 32 (>^ 32)=2. 

&e. &e. 


2a 

3b 


55. If the quantity unde^g^e radical sign does not admit 
of resolution into the number of factors indicated by that 
sign, or, in other words, if it be not a complete power, then 
its exact root cannot be extracted, and the quantity itself, 
with the radical Sign annexed, is called a Surd. Thus, 
37, 47, &e. &c. are Surd quantities. The 

application of the fundamental rules of arithmetic to quan¬ 
tities of this kind will form the subject of Chap. VIII. 


56. In the involution of negative quantities, it was ob¬ 

served that the even powers were all +, and the odd 
powers — ; there is consequently no quantity which, mul¬ 
tiplied into itself in such manner that the number of factory 
shall be even, can generate a negative quantity. Hence 
quantities of the form s/ —10, v / — a 3 , 

— a 4 , &c. &c. have no real root, and aA therefore called 
impossible . 

57. In extracting the roots of compound quantities, we 
must observe in what manner the terms of the root may be 
derived from those of the power. For instance (by Art. 50), 
the square of a+b is a* -f 2 ab + b~, where the terms are ar¬ 
ranged according to the powers of a. On comparing a + b 
with ei 1 + 2ab + b~, we observe that the first term of the 
power (« 2 ) is the square of the first term of the root (a). 

H Put * 


,y> 4 .,, jJLU-.’ - 
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« a + 2a 6+ + b 

a* 

2a+&|2a6 + fe* 

|2a6 + h* 


Put a therefore for the first terra 
of the root, square it, and sub¬ 
tract that square *frotn the first 
term of the power. Bring down 
the other two terms 2 ab + b\ and 
double the first term of the root; * 

set down 2 a, and having divided 

the first term of the remainder (2ah') by it, it gives b, the 
other term of the root; and since 2ab +b ! =(2a +b)h, if 
to 2 a the term b is added, and this sum multiplied by b, 
the result is 2ab+b l ; which being subtracted from the 
two terms brought down, nothing remains. 

58. Again, the square of + c (Art. 52.) is a % +2ab 
+-£>* + 2ac + 2 bc + c "; in this CTrae, the root may be derived 
from the power, 

by continuing the a+Hab + b +2ac + 2bc + c (a + b + c 
process in the a 
last Article. Thus 2a+ b 
having found the 
two first terms 
(a 4* b) of the root 
as before, we bring 
down the remain- - ■■■ ■ ■■ - 

mg three terms 2ac + 26c+ c* of the power; and dividing 
*6ac by 2a, it gives c, the third term of the root. Next, 
let the last term (6) of the preceding divisor be doubled, 
and add c to the divisor thus increased, and it becomes 
2 a + 2 6 + c; multiply this new divisor by c, and it givqp 
2ac + 2fcc + c\ which being subtracted from the three 
terms last brought down, leaves no remainder. In this 
manner the following Examples are solved. 

Ex. I. 4x 4 +6x a + ^* 2 4^5x + 2d(2^+?aH-5. 

4 V 2 

4x 4 


2 ah + b 1 
2 ab + h 1 


2o+26+c 


2 ac+ 2bc + c l 
2ac + 2 be + c z 


4x 5 + -x(6x* + —r a 
2 \ 4 

, 9 , 

• 6 x 3 + - r* 

4 

4x'+3x+5^ 20x^+15x4-25 

20x a + 15x + 25 
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Ex. 2. a? tf + 4® 4 + 2® 4 + 9®*—*4x+4(x*-f-2x*—$«f2 

2x* + 2x a )4ar # +2x 4 
4x , + 4x 4 

2 x 3 + 4 x*— x)—2x 4 + 9 as*— 4x 

—2x i —4x > + X' 

2x 3 + 4as a —2a?+2) + 4x 3 + 8ar — 4a>^-4 

+ 4as 3 + 8ar — 4jfcfy-4 




a 3 + 3 a*b + 3a 6* + b 3 (a + b 
a 3 V 


3a 2 + 3ab + b i 


3a ! 6 + 3afr*-f-6 3 
3a 2 b + 3ab‘ + b* 


59. The process for extracting the Cube Root of a com¬ 
pound quantity may be explained in the following manner. 
By Art. 50, the 
cube of a + 6 is 
a 3 + 3 a?b -f 3 a b* 

+ b 3 , the terms 
being arranged 
according to the 

powers of a. The “ 

first term of the root is a, which being cubed, and this cube 
subtracted from the first term in the power (a 3 ), bring 
down the remaining three terms 3 a 7 b + 3 a& 2 + b\ Next 
square the first term («) of the root, and having multiplied 
it by 3, place 3 a* in the divisor, divide 3 a'b by 3 a 2 , and it 
gives b the second term of the root; to 3a* add 3ab + b\ 
and it forms the divisor 3a* + 3a&+& a , which being mul¬ 
tiplied by b gives 3a 2 6 + 3ab* + b 3 ; subtract, and nothing 
vemains. 


60. The cube root of a compound quantity, if tfyat root 
consists of three terms, is found by continuing tKe process 
in a similar manner. 

(a + 6) 3 + 3(a + 6)*c+3(a-|-6)c a + c 3 (a + b + c 

(a + 6) 3 


3(a + &)*+ 3 (a + b)c + c* 3(a + bfc + 3(a + b) c* + c 3 

3 (a + bjc + 3(a + b)c 2 -f c * 
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Thus (by Art. 62) the cube of a+b + c is 
(a + 6) s + 3 (g + ft)*c + 3(a Hh 6) c 1 -f c 3 ; supposing the first two 
terms of the root to$kave,been found as in the preceding 
article, cube a + b and subtract (a -f 6) 3 from the first term 
of the power; and then bring down the next three terms 
3(a + b) 2 c+ 3(a + b) c 2 + c\ Square the two terms already 
found; which square being multiplied by 3, gives 3 (a + b)' J ; 
divide 3 (a + h)~c by 3 (a + 6)\ and we have c, the third term 
of the root To 3 (a + 6)' add 3 (a + 6) c -f c', and it forms 
the divisor 3 (a + 6)' + 3 (a + b)c -f c\ which being multiplied 
by c, gives 3(a ■+• b)~c + 3 (a + b)c' + e 3 ; subtract, and nothing 
remains. 

If the quantity whose root is required be not an exact 
power, the operation will not terminate as in the above 
instances; but it may be continued to any number of 
terms at pleasure. 

Ex. Find the square root of o' -f x\ 



a' 


> . \ 
■ a+ iz) 


4 a 


2a + 


a 


8 


r \_ x ’ 

«V 4a 5 


2a+—— — 
* a 4 a 3 


) 


4 - 


4 a* 8a 4 64 a 


x 


x* 

8 a 4 64 a® 


&C. 


In these cases, however, the root is in general much 
more easily found by help of the Binomial Theorem, as 
will be explained hereafter. 


XV. 

On the Investigation of the Rules for the Extraction of the 
Square and Cube Roots of Numbers . 

Before we proceed to the investigation of these Rules, 



EVOLUTION.* 53 

it will be necessary to explain the nature of the common 
arithmetical notation. 

61. It is very well known, tha^the^alue of the figures 
in the common arithmetical scale increases in a tenfold 
proportion from the right to the left; a number, therefore, * 
may be expressed by the addition of the units, tens, hun¬ 
dreds, &c. of which it consists. Thus the number 4371 
may be expressed in the following manner, viz. 4000 + 300 
+ 70+1, or by 4x1000 + 3x100+7x10 + 1; hence, if 
the digits'** of a number be represented by a,fy, c,d, e, &c. 
beginning from the left hand, then, 

A number of 2 figures may be expressed by 10 a + 6 . 


3 figures.by 100a+ 106 + c. 

^figures . ... by I 000 a+ 1006 + 10 c+ dl 

&c. &c. * &c. 


62. Let a number of three figures (viz. 100a+lo6 + c) 
be squared, and its root extracted according to J;he Rule 
in Art. 58, and the operation will stand thus; 
i. I 0000 a s + 2000 a 6 + 1006 1 + 20 Oac+ 206 c + c*( 100 a + 106 +c 
10000a s 

200 a +10 6 ) 2000 a 6 + 100 b' 

2000a6+ 100 6* 

200 a + 206 + c) 200 ac+ 206 c + c* 

200 ac+ 206 c+ c* 


^ et 5 —. 3 ! ant * ^e °P era ^ on is transformed into the 
r ~ jJ following one; 

40000 + 12000 + 900 + 400 +60 + 1 (200 + 30 + L 
40000 

400 + 30)12000 + 900 + 400 
12000 + 900 

400 + 60 + 1)400 + 60 + 1 
400 + 60+1 


(*) By the digit* of a number are meant the figures which compose it, 
considered independently of the value which they possess iu the arithmetical 

scale. 
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hi. But it is evident that this operation would not be 
affected by collecting the several numbers which stand in 
the same line into 6t sesuy, and leaving 
out the ciphers which pre to be Sub¬ 
tracted in the several parts of the ope¬ 
ration. Let this be done; and let two 
figures be brought down at a time, 
after the square of the first figure in 
the root has been subtracted; then the 


53361 (231 

4 


431133 
1129 


46 


L[461 
(461 


operation qjay be exhibited in the man¬ 
ner annexed; from which it appears 
that the square root of 53361 is 231. 

63. To explain the division of the given number into 
periods consisting of two figures each, by piquing a dot 
over every second figure, beginning with the units (ns 
exhibited in the foregoing operation), it must be observed, 
that, sinse the square root of 100 is 10 ; of 10000 is 100; 
of 1000000 is 1000; &c. &c. it follows, that the square 
root of a number less than 100 must consist of one figure; 
of a number between 100 and 10000, of two figures; of a 
number between 10000 and 1000000, of three figures; 
&c. &c. and consequently the number of these dots will 
shew the number of figures contained in the square root 
of the given number. From hence it also follows, that 
th %first figure of the root will be the square root of the 
greatest square number contained in the first of those pe¬ 
riods, reckoning from the left. Thus,*in the case of 5336 i 
(whose square root is a number consisting of three figures); 
since the square of the figure standing' in the hundred's 
placedannot be found either in the last period (61), or in 
the last but one (33), it must be found in the first period 
(5); consequently the first figure of the root will be the 
square root of the greatest square number contained in 5; 
and as this number is 4, the first figure of the root will be 2. 


scale. Thus the digits of the number 537 are simply, the nnmbqgs 5, 3, 
and 7 ; whereas the 5, considered with respect to Its place in the numera¬ 
tion scale, means 500, and the 3 means 30. 
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The remainder of the operation will be readily understood, 
by comparing the steps of it with the several steps of the 
process for finding the square root of (a + 6 + c) s in Art. 58 ; 
for having subtracted 4 for the first period (5), there re¬ 
mains 1 ; bring down the next two figures (33), and the 
dividend is 133; double the first figure of the root (2), and 
place the result 4 in the divisor; 4 is contained in 13 three 
times, 3 is therefore the second figure of the root; place 
this both in the divisor and quotient, and the former is 
43; multiply by 3, and subtract 129, the remainder is 4; 
to which bring down the next tw^figures (61), which gives 
461 for the next dividend. Lastly, double the last figure 
of the former divisor, and it becomes 46 ; place this in the 
next divisor, and since 4 is contained in 4 once, 1 is the 
third figure of the root; place 1 therefore both in the di¬ 
visor and quotient; multiply and subtract os before, and 
nothing remains. * 

64. The rule for extracting the cube root of numbers 
may be understood by comparing the process for extract¬ 
ing the cube root of (o + 6 +e)* in Art*. 59. and 60, with 
the following operations, in which is- deduced the cube 
root of the number 13997521. 

13997521 (200 + 40+1 
a s =(200)*=8000000 

3 a 2 3 = 120000) 1st Remainder 5997521 

3fl*6*=3x (200)’ X 40=4800000 
3<*6*=3 X 200 X (40-)*= 960000 
6 3 =?=40x 40X40 = 64000 

5824000 

3(n + b)*= 172800) 2d Remainder 173521 

3(a + 6)*c=3(200+40) 2 X 1 = 172800 
3(a+6> 2 =3(200+40) xl= 720 
c*= 1x1x1= . 1 



• 173521 

3d Remainder 000000 


Omitting 
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Omitting the superfluous ciphers, and bringing down 
4hree figures at a time, the operation would stand thus; 

1399752i(24i 

8 

3x2*»12) 6997 

300 X 2* X 4*=4800 
30 x 2 x 4 5 = 960 
4‘’= 64 

5924 

3x24*=l^s) 173521 

3b0 X(24) 3 X 1 =172800 
30 x 24 X l'= 720 

1 3 = 1 

173521 

0 00000 

These operations may be explained in the following manner. 

* , 

I . Since the cube root of 1000 is 10, of 1000000 is 100, 
&c. it follows, that the cube root of a number less than 
1000 will consist of one figure; of a number between 
1000 and 1000000 of tw& figures, &c. &c.; if therefore the 
given number be divided into periods, each consisting of 
thM I figures, by placing a dot over every third figure be- 

, ginning with the units, the number of those dots will shew 
the jiumber of figures of which the cube root consists; 
and for the reason assigned in the preceding article (re¬ 
specting the first figure of the square root), the first figure 
of the root will be the cube root of the greatest cube 
number contained in the first period. 

II . Having pointed the number, we find that its cube root 
consists of three figures. The first figure is the cube root of the 
greatest cube number contained in 13; this being 2, the value 
ofthisfigure is 200, or 0 =too; consequently a 3 =*8000000 ; 

subtract 
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subtract this number from 13997521, and the remainder 
is 5997521. Find the value of 3a a , and divide this latter 
number by it, and it gives 40 for the value of b the second 
member of the root; put this in the quotient, and then 
calculate the value of 3<r6 -f 3 cf 6' +6* and subtract^, and 
there remains 173521. Find now the value of 3(0 + 6 )", 
and divide 173521 by it, and it gives 1 for the value of c 
the third member of the root; put this in the quotient, ami 
then calculate the^amount of 3 (a + 6) c + 3 (a + 6)c a + c 3 , 
which subtract, and nothing remains. 

in. In reviewing the first of these two operations, it is 
evident that six ciphers might have been rejected in tjie 
value yf a 3 , and three in the value o£ 3a*b + 3a6 2 + 6\ 
without affecting the substance of the operation ; having 
therefore simplified the process as in the second operation, 
-we are furnished with the following Rule for extracting 
the cube root of numbers. 

iv. “ Point off every third figure, beginning with the 
“ units; find the greatest cube number contained in the 
“ first period, and place the cube root of it in the quotient; 
“ cube it and subtract it from the first period, and then 
" bring down the next three figures; divide the number 
“ thus brought do^n by 300 times the square of the first 
“ figure of the root, and it will give the second figure; 
“ then calculate the value of 300 x square of first figure 
“ x second figure + 30 x first. figure x square of second 
“ +cube of second, subtract it, and then bring down the 
“ next period, and so proceed, till all the perioefs arc 
“ brought down.” The Rules for extracting the higher 
powers of numbers and of compound algebraic quantities 
are very tedious, and of no great practical utility. 

XVI. 

On the General Mode of expressing the Powers and Roots 
* of Quantities by Means of Indices. 

CSS. The management of Surd quantities, and the method 
of extracting the roots of compound algebraic quantities by 
means of the Binomial Theorem, will be treated of hereafter; 

I but 
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but before we conclude this chapter, it may be proper to 
make a few observations on the method of expressing the 
powers and roots of quantities by means of indices. 

r. Since a x a*=a a =<i l+a ; o x a 3 =a*=a + 3 ; or, in gene¬ 
ral, o"xa"=:fl* + * l it follows, that the different powers of 
any quantity are multiplied together by adding the indices. 

ii. A^ain, — ; — i ==a* = a‘~ 3 ; or, in general, 

a m A * 

— ==a”*“"; from which it appears, tnat one power c>r a 

a • 

is divided by another, by subtracting the index of the 
divisor from that of the dividend 
Tit. The Square of a —a x a 

Cube of a a =a* ka’x «’*’= * xS = o", * 0 

or, in general, with power of a n = a n x a" x a n to m factors 
= a"*; from this it follows, that the powers of a are raised 
to other powers by multiplying the index of the original 
power by that of the power to which it is to be raised. 

iv. Square root of a 7 = a' — a s 

j 

Square root of a A = a'—a~ 2 \ 

6 

Cube root of a*=a z =a~ I , See. Sec., i.e. the roftls of 
powers of a are found by dividing the index of the poire r by 
the number expressing the degree of the root to be taken. 

66. From this method of considering the formation of 
the powers and roots of quantities, a new species of alge¬ 
braic notation arises, of which the following are examples. 

i. The roots or quantities may be expressed by frac¬ 
tional indices. Thus, 


The Square root of a 

= o H ' ? 

II 

£ 

*** 

Cube root of a 

= a^ 3 

— ai • 

or, in general, with root of a 

= a'+ m 

Jl 

Again, Cube root of o* 


-ah 

Sqilare root of « a 

= 

8 

= rf> ; 

5th root of a 1 


3 

= w* ; 

or, in general, with root of a" 

*=a n + m 

n 

— ft hi. 


ii. The 
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ir. The signification of the negative indices arising from 
Rule4 of Division (Art. 23) will easily appear by an example. 

By that Rule, - 6 =a 1-5 = a~\ But ^ = L; consequently a~ 3 


■a 


a 


a 


and * ^aud, in general, a~ m and are equivalent expres¬ 
sions. Hence it follows that a 0 will always represent 
unity, whatever be the value of a ; * for, by the Rule, 


a 

<? 


= a m m , or 1 —a°. 


A comparison of the following series, in the first of 
which every succeeding term is the quotient of the pre¬ 
ceding divided by a, ami, in the second, the index of a is 
continually diminished by 1, will shew that the above 
conclusions naturally follow from the notation adopted in 

Art. 7. 

1 L 


ana 


a* 


aa 


u 


a 


a 


n 


a 


1 

•» 

a 

—i 


a a 
a~~ 


ana 
a ~ 3 


in. From this it follows, that any factor may be re¬ 
moved 1 from the numerator of a fraction into the denomi¬ 
nator, or from the denominator into the numerator, by 
changing the sign of its index. 

Ex. 1. Thus (since ^ =6 -3 ) — may be expressed by a?b ~*; 

, / . j lx , a 2 l 1 1 

X a—/ b* P a~ l b 3 

a*b 


a d*e 


* may be expressed by 


Ex. 2. The quantity 



CHAP. IV. 


ON SIMPLE EQUATIONS. 


When two algebraic quantities arc connected together 
by the sign of equality, the whole expression thus formed 
is called (Art. 11.) an Equation. Equations, as applied to 
the solution of questions or problems, consist of quantities, 
some of which are known, and others unknown; and by 
the solution of an equation is meant, the operation by widely 
the value of the unknown quantities are found in terms of 
the known ones. If, any equation contains no power of 
the unknown quantities, but those quantities merely in 
their simplest form, it is culh d a Simple Equation; if it 
contains* the square of the unknown quantity, it is called 
a Quadratic Equation; if the cube of the unknown quan- 
1 ity, a Cubic Equation; &c. &c. The present chapter 
will be occupied entirely with the solution of Simple 
Equations, and questions depending upon them. 

XVII. 

On the Solution of Simple Equations, containing onlij one 

unknown quantity. 

67. The Rules absolutely necessary for the solution of 
simple equations containing only one unknown quantity 
may be reduced to four, and may be arranged in the fol¬ 
lowing order. 

Rule I. # 

* 

The first Rule is, that " any quantity may be transferred 
“ from one side of the equation to the other, by changing 

its 
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its sign; and it is founded upon the axiom, that “ if equals 
“ be added to or subtracted from equals, the sums or r&main- 
“ ders will be equal." 

Ex. 1. Let x + s = 15i subtract 8 from each side of the 
equation, and it becomes x + 8—8 = 15—8; but # 8—8=0, 
x= 15 —8=7. 

Ex. 2. Let x — 7=^0; add 7 to each side of the equa¬ 
tion, then x —7 + 7 = 20 + 7 ; but— 7 + 7 = 0, x=20+7 

=27. * 

Ex. 3. Let 3x—5 = 2*49; add 5 to each side, of the 
equation, and it becomes 3 x— 5 + 5=2x+ 9 + 5, or3x=2x 
+ 9 + 5. Subtract 2 x from each side of this latter equation, 
then 3 t — 2x = 2j—2x + 9 + 5; but 2r—2x=0, 3x — 2n. 
=9 + 5. Now 3x—2x=x, and 9 + 5=14; lienee x=14. 

On reviewing the steps of these examples, it appears 

i. That x + S —15 is equivalent to .... x = 15— S. 

u. . . . x—7 = 20.to .... x = 20»+7. 

tii. . . 3x — 5 = 2x+9.to 3x—2x= 9 + 5. 

Or, that “the equality of the quantities on each side of the 
“ equation is not affected by removing a quantity from one 

“ side of the equation to the other, and changing its sign." 

£ * 

From this Rule also it appears, that if the same quantity 

with the same sign be found on both sides of an equation, 
it may be left out of the equation; thus, if x + a=c+e, 
then x=c + ««—a \ but a—a = 0, .*. x=c. 

4 

It further appears, that the signs of all the terms of an 
equation may be changed from + to —, or from — to +, 
without altering the value of the unkno^gp quantity. For 
let x—6 =c—a; then, by the Rule, x=c—a + b; change 
the signs of all the terms, then b— x=a— c, in which case 
5— a + c=x, or x=c—a + 6, as before. * 


Rule 
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Rule II. 

“ If the unknown quantity has a coefficient, then its 
“ value may be found by dividing each side of the equa- 
“ tion by that coefficientand the foundation of the Rule 
is, “ that if equals be divided by the same, the quotients 
** arising will be equal." 


Ex. 1. Let 2x = 14; then 


• O y 1 4 

equation by 2, we have — =—; 
.*. r=7. 



th sides of the 

-= r, and - 4 = 7, 

2 2 


Ex. 2. Let 6 j + l0 = 3ar + 22; then, by Rur I, 6 t —3? 

3 * ] 2 

= 22 — 10, or 3a = 12 ; divide each side by 3, then 

3 3 

or i = 4. 

Ex. 3. Let ux=h+c ; then —=* + '■, but —=i, 


a 


a 


a 


_ b + c 


Ruir III. 

41 An equation may be cleared of fractions by multi- 
4 ‘ plying each side of the equation by the denominators of 
“ the fractions in succession, or by their product." This 
Rule goes upon the principle, that “ if equals be multi- 
£ plied by the same, the products arising will be eraal." 

Ex. 1. Let - = 6; multiply eacli side of the equation by 3, 
3 

then (since, from what has been already shewn, the mul¬ 
tiplication of the fraction ^ by 3, just takes jpvay its deno¬ 
minator, and gives x) we have x=>6 x 3*= Id, 

Ex. 2. Let ~ -K?=7 ’ mu %ipty each side of the equa- 

tion by 2, and we have x+ -_=14; now multiply each 

5 

side by 5, and it becomes 5 1 + 2a?s=70, or 7a-=s=70; hence, 

Wft \ 

by RlJLS II, «sas---ss=10. 

Ex. 3. 
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Ex. 3r Let- + -==13— 

2 3 4 * 

Multiply each side of equation by 2, then % + ~ = 26— 

• 3 '4 

.by 3, and 3x + 2x = 78—?£. 

4 

.by 4,. . 12z + 8x = 3l2— 6 x. 

By Rule I, I2x + 8x + 6z=312 

or 26x = 312 

.*. by Rule II, x = ?A? = 12. 
J 26 

This Example might have been solved more simply, by 
multiplying each side of the equation by the product of 
the numbers 2, 3, 1, which is 21. 

Thus, 1+1=13-?. 

2 3 4 

Multiply each side by 24, then + ~i?=312 — # 

or 12x +8x=312 —6x, as before. 

Rule IV. 

“ If tlie equation contains the square root of the unknown 
“ quantity, or the square root of the unknown* quantity 
“ combined with some' known quantity; then, let this surd 
“ quantity be brought by itself to one side of the equation,. 
“ and let both sides of the equation be squared; the value® 
“ of the unknown quantity may then be found by the pre- 
“ ceding Rules.” This Rule goes upon, the supposition, 
that “ if the square root of a quantity be equal to any 
“ given quantity, then the quantity itself will be equal to 
“ the square of that given quantity.” 

Ex. 1. Lety/z—5=3; then by Rule I, y/x=b+ 3—8 ; 
square both sides of the equation, then x8 = 61. 

Ex. 2. Let s/2 x+ 1 + 2=5; then, by Rule I, V / 2 ,r + 1 
= 5 — 2=3; square both sides of the equation, and we have 

Q 

2x + 1 = 9, 2x = 9 — 1 —8, and x=-=4. 

(H The 





64 


SIMPLE EQUATIONS. 


68. The following Examples will serve to exercise the 
learner iii these several Rules. 


In Rule I. 


Ex. 1 . 

2 y + 3 =» t + 17 . . . . . 

Answer, t= 14 . 

Ex. 2 . 

5 x —4 = 4 x +25 . 

.j= 29 . 

Ex. 3 . 

7 x —9 = 6 x —3 . 


Ex. 4 . 

4 x + 2 a= 3 x+ 96 . 



In Rules I, II. 


Ex. 1 . 

10 x =150 . . . . 

. Answer, r = 1 ft. 

Ex. 2 . 

15 i + 4 — 34 . 


Ex. a 

8 x +7 = 6 r +27 . . 

. T— 10 . 

Exl 4 . 

9 t — 3 = 4 :r + 22 . . 


Ex. 5 . 

171 — 4 ar +9 = 3 x + 39 . . 


Ex. G. 

ax—c = b + ' 2 c . . 

. 


a 


In Rules I, II, III. 


Ex. 1. il + f = 22. 

3 4 

. 

. Answer, ? = i. 

o 7 r br _5ft 


.i = 10 

« 4 6 6 



Ex. 3. _ + *=31- 

2 3 

X 

ft 

.i — 3o 

Ex. 4. —-_+-=41. 

5 <i 2 

- 

.,r —r»o. 


In Rule IV. 


Ex. 1. v/t--1=4 .A\*ow-:r, ,? =2 5. 

Ex. 2. v/3;r + l + 5 = 10 .j = vS. 

Ex. 3. 15 + /x+7=19. x= 9. 


69. In the application of these Rules to the solution of 
simple equations in general containing only one unknown 
quantity, it will be proper to observe the following method. 

ff 

i. To clear the-equation of fractions by Rule I IT. 

• T1 

If. 1 o 
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ii. To^ collect the unknown quantities on one side of the 
equation, and the known on the other, by Rule L 

hi. To find the value of the unknown quantity by divi¬ 
ding each side of the equation by its coefficient, as in - 
Rule II. 

iv. If the equation contains a nurd quantity, then Rule 
IV. must be immediately applied. 


Example 1. 

Find the value of xin the equation —+ 1 = -+ —. 

7 5 5 

w ji Q1 

Multiply by 7, then 3 x + 7 =— H-; 

3 3 

.by 5, . . 15x+ 35 —7z + 91. 

Collect the unknown quantities 'j 
on one side, and the known > 
on the other ; 


J 


15x—7x=91 — 35, 
or Sx=56. 


56 


Divide by the coefficient of x, x——=7. 

Ex. 2. 

jc *4" 3 j) 

Find the value of x in the equation ——1 =2 — -. 

Dm * 


Multiply by 5, then x + 3 


5=10 — 


5x 


.by 7, . . 7 x + 21 — 35=70 — 5 j 

Collect the unknown quantities l 
on one side, and the known \ 
on the other; ) 


7x + 5 x=70—21 *35, 
or 12x=84; 


84. 

12 


= 7. 


Ex. 3. 

Find the value of x in the equation 

. x — 1 , 2x—2 , 0/l * 

4x-~-=x+—— + 24. 


K 


Multiply 
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Multiply by the J 40x _5* + 5«10.r + 4r-*+240‘‘’. 
product (10), ) 

By transposition^ 0a? — 5i—10 1 — 4x=240 — 4 — 5, 

or 40 x— 19a: = 23l, 

I. c. 21 i — 231 ; . l —— ==11. 


21 


Ex. 1. 


X 

Find the value of t in the equation 2 r — - + 1 = 5.i—2. 

2 

Multiply by 2, then 4 x — .t+ 2= 10 r — •!. 

By transposition, 4 + 2 = 10 x — 4 j -f x, 

r 6 
or 6= 7 x ; . . x—~. 

7 

Ex. 5. 

What is the value of x in the equation 3a » -f 2bx—3c + n ? 

Here 3a x + 2bx=(3a + 2b) x j ; 

(3a + 2/>)x x = 3c + a. 

Divide each side of the equation by 3a 4- 2b, which is the 


coefficient of x; then x- 


3(7 + o 
3a -f- 2b’ 

Ex. 6. 


Find the value of x in the equation 3bx + a —2a x-f 4 r. 
String the unknown quantities to one side of the equation, 
and the known to the other ; then, 

3bz—2ax=Ac—a 
but 3bx— 2az—(3b — 2a) X .r ; 

(3 b — 2a)x=Ac — a. 


Divide by 3b—2 a, and x='i £— r ~ . 
J 3b —2a 


F.v 7. 


(*) As this fltep involves the case “ where the sign — stands before a 
Fraction," when the numerator%f that fraction is brought down into the 
same line with 40x, the signs of both its terms must be changed, for the 
reasons assigned in Ex. 3, page 2G ; and we therefore make it — 5x + 5, 
and not —5x—5. 
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Ex. 7. 

Find the value of x in the equation ftx-f- z=2x + 3a. 
Transpose 2x, then bx + x—2x=3a, 

or bx —x=3 a, 
but bx — x=(b — l)x ; 

(b — l)x = 3a, or x= 3a . 

b — 1 

Ex. 8. 

Find the value dt 9 in the equation — — c -f ^ = Ax+~. 

a b d 

Multiply by abd, then 3bdx — abed + adx = Aabdx + 2abx. 
By transposition, 3 bdx + ad x—Aabdx —2 abx = abed , 
or (3b d + ad—Aabd — 2atj)x~abcd 

abed 


x=-~- - 


Ex. 9. 


3 bd + *d— Aabd — 2ab. 


- 2a 


Let \/x + da + x= 


to find the value of a\ 


Ju + X 

Multiply by Jo + x, then VrxJ« + i+o + x — 2 a. 

By transposition , s/i x Jo 4- x =2 a — a—x — a — x. 

Square both sides, ix (u+ij = a 2 — 2ax + x'; 

or ax+x' =rt 5 — 2ax + x 7 ; 


3 a x 


= a' 
3a 3* 


and x 
Ex. 10. 

Let a- 1 - ar = V' 1 ^ 4 . rdb^Ar x 2 to find the value of x. 
Square both sidwi^^Mld wc have a‘ + 2ax+ x~ — a' + xdb* + x s , 

or 2 a x ■+■ x' = xdb 2 + x*. 
Divide by x, 2a + x = db 2 + x 2 . 

. Square again, 4ar+ 4ax + x~=b 2 + x*; 

4a 3 + 4ax — b\ 

or 401=6*—4a 3 . 

b~ — Aa' 




Hence, *=■ 


4 a 


6* 

4a 


a. 


El 



68 

SIMPLE EQUATIONS. 


Ex. 11. 

x+?4-- = ll .... Answer, 
2 3 

x=6. 

Ex. 12. 

£+5+f=* + i7. 

5 4 3 2 

x— 60. 

Ex. 13. 

4 3x , no 

4a' — 20 = 1 . 

7 7 

x= 10. 

Ex. 14. 

J + T _ r — 1 • 

2 3 4 2 

__6 

/ 

Ex. 15. 

3x + I — T " M . 

9 3 

1 

x = -. 

3 

Ex. 16. 

° x — 5 — 29 — 2x. 

7 

• 

j=l t. 

Ex. 17. 

6 a — — — 9 = 5a. 

4 

x=36. 

Ex. 18. 

2 j—'- ii 1 + i 5=— — - • . . 

3 5 

7=12 

Ex. 19. 

+ 20-L- 6 .... 

2 3 2 

j- 18. 

Ex. 20. 

5j-?^=-! + 1=^i+ T ^ 2 + 7 . 

3 2 

x=8. 

Ex. 21. 

2«x +6==3sc& + 4a. 

_ 4 a —b 

X 2 a—-3 c 

Ex. 22 

5«.r—26+46x=2x + 5c . . x 

__ 5c+26 

5 a + 4 "6 — 2 

Ex. 23. 

l>x + 2x—a=3x + 2c . . . t 

& 

2c + a 
~ 6-1 ’ 

Ex. 24. 

„ , a + x 6 — x 

3 x —a + c x= - -——- . . x- 

3 a 

__ 4a' — 36 

8r/ + 3ac—3 



xvm. 
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XVIII. 


On the Solution of Simple Equations containing two or more 

unknown Quantifies. * 

For the solution of equations containing two or more 
unknown quantifies, as many independent equations are 
required as ther^ttc^ unknown quantities. The two 
equations nece 4^SHp^ e solution of the case, when two 
unknown ciuantro ^P pP concerned, may be expressed in 
the following maUlfr, 


ai+by—c * 

a'x + b'ij = c' 

where «, b, c, a', //, c' represent known quantities, and £, y 
the unknnum quantities whose values are to be found in 
terms of these known quantities. 

70. There are three different Rules by which the value 
of one of these unknown quantities may be determined; 


Rule l. 


Let ax + hy=c (.- 1 ) > be the two equations 
and ax + b'y~c'{E ) S to be solved. 


Multiply equation (/l) by a', then aa'x + a'b y = a'c(( ) 
.(/i) by a, . . . aa'x + a b'y=ac' (/)) 

Subtract equation ( /)) from (C), then (a'b—ab') y—a'c—ac' 

_ a’c — ac' 

^ a’b — ah' 

From which we deduce the following Rule. “ Multiply 
“ the first equation by the coefficient of x in the second 
“ equation, and the second equation by the coefficient of 
“ x in the first equation ; subtract the last of these result- 
“ ing equations from the first, and there will arise an 
“ equation which contains onty y and known quantities, 
“ from which the value, of y is determined.' 1 m 


Rule II. 

* 

From equation ( A ), ax=c — by, 


.*. X‘- 


c—by 

a 


(B), a'x 


c' 




a' 


Putting 
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Putting these two values of x equal to each other, we have 
^.nP.y. = ( ■ and . ac'—ab'y—ac — a'by ; 


a , a 


By transposition, (ab — ab‘)y~dc—ac 

, or-—Htc 

and i/= -- . 

■' a'b-ah' 

From which it appears, that “ if tlie value of .t in the 
"first equation be put equal to its value in the second, 
“ there will arise a new equation involving only y, from 
* which tlie same value of y is found as before. 

Rule III. 

From equation (A), .x==-—^; substitute tins value of r m 

a 

equation ( B ), then a‘ x ( ——:- + t>y=v 

a 

01’ tic — a'b 1/ + a b‘y - --- a c' 

.*, (ic — ac ={a'b — afj)y 

, (ic — a'c 
11* 

a h — a b 

From which we infer, that “ if the value of ,1 found from 
“ the first equation be substituted for it in the second, 
“ there w ill .arise an equation which gives the same value 
“ of// .as in the two former instance-.” 

71. Having determined the value of ?/, the \alue of r 
may be fotincf in each ease, by substituting this value for y 
either in the first or se^ind equation. The value of / in the 

— Ini , (i'c — ac . n h'yic — at') 

a. a(a'b — ah') 

=(by reducing these fractions to a common denominator) 


n , .. . c — h if (I'c — ac 

first equation is ; but «== - - 

a ’ ab — ah 


h d — //<; 


y The value of i in the second equation is 


/// 


a 


ab — at/ 

= -— i=(by reducing these fractions to a com- 

a a (a h — a h) V J h 

If I • 

mon denominator) as before. 

a'b—ab 


72. From 
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72. From hence it appears, that in finding the value of y, 
either of the three Rules may be applied; and that in 
finding the value of x, the value of y so found may be sub¬ 
stituted either in the first or second equation. In the choice 
of the Rule which may be most adapted to practical appli¬ 
cation, experience only can be our guide. It may further 
be observed, that there are cases in which Rule I. may 
be somew hat varied s for instance, if the given equations be, 


# «* + &//=<■■ (A) 
n'x— l/y=c' (B) 

Multiply eqwatu \ ( 0 by U, then, ab’x + bb'y—l/c (C) 

( /< v b, . . . [fibx — hh'y—Lc (D) 

Add e(ju.iti'’ii ' A) * (h), then + x~h'c + bc 


b'c + h c 


a // + a'h 


1 In vino tin- value of j, the value of y may be found by 
our <>f tiu prt ceding methods. 


T3 I’he following 
each Rule separately 


examples are intended to illustrate 


Kwmim.i; 1. 

Let 5 d + 4 //=55 (A) 1 to find the va- 
3;< _2y=;3l (7i) Hues of x and y. 

K\ Km i; 1, 

Multiply (A) by 3, then 15x-p 12y=»165 
. , . ,(/i) by o . . 15* + 10y = 155 

10 - 

. by subtraction, we have 2 ?/—10, or y —-—J- 
Now, from equation (A) we have ^=(since y = 5, 
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Ex. 2. 

Let x+ 4y=*16 (A) ) 
4r-f y=»34 (7i) ) 


From equation (A), we have x— 16 — 4 y. 


{B), 


34 —w 

r =--i l. 


Hence, by Rule II. ?1—J^= lc — 4 i/, 


or 34— y =64— 16;/; 

15 u~30 or y — '—=2. 

V J 15 

It lias already been shewn that i = 16 — 4 y= (since y=2, 
and 4 y = 8) 16 — 8 = 8. 

Ex. 3. 

Let —~ + Sy = 3l (A) 
yjtiq.l0j=L92 (B) 


Cleareq".(vl)offract , .x +2 +24y= 93,orx+24y = 91(C) 
. (B) .... y+ 5 + 40x=768 t ory+40x=763(Z/) 

From■ equation (( ), x=91 —24y; by Rule III, substitute 
this value of x in equation (D); then we have, 
y + 40(91 — 24y)= 7 63 
or y + 3640 — 960;/ = 763 



By referring to equation (C), we have ac= 91 — 24y—(since 
y=3, and .-. 24y = 72)91—72=19. 


Ex. 4. 


Let 3x-f 4y = 29(^> 

17x— 3y=36 (B). 

Jfn this example, the Rule mentioned in Art. 72 may be 


applied. 


Multiply 
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Multiply equation ( A ) by 3, then $x+l2y=* 87 (C) 
. (B) by 4 . . 68a?— l'2y= 144 (i?) 

-.-t- 

Add equation (D) to (0), then 77r=231, ora=—i = 3. 

77 

From equation (A) we have 4t/=29 —3a?== (since a = 3, 

and 31=9) 29 —9=20 ; hence f/=£-=f>. 

1 


Ex. 5. 

4 a + 3 y = 3 J | 
3 .r + 2 1 /— ;>2 ) 

\ 

.... V NSW EH 

( 3 - : 1 

6 ) » . 

1 !/ = ■>■ 

Ex. (i. 

* 33+ 2//= 10 j 

1 

f 3 — 10 


< 2 a •+ 3 y — 3 0 ! 

t . 


Ex. 7. 

j 2 — 1 // = 19 , 
1 r + 2 tj — 36 \ 


11 11 

• Ex. s. 

Ex \) 

33 V 7 //= 79 j 
2//-Ji= 9 j 

, + ' / + i = «' 
:i ( 

’ •'' + ;)= i< 

7 

* 

1 

! 

I 

►. 

) 

j a?=lo 
f y= 7. 

( r=l 1 

‘ 4= 1 




{3 = 13 

i.y= 3 

74. When 
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74. When three unknown quantities are concerned, the 
most general form under which simple equations .can be 
expressed, a x + h y + <; z ~d ( K) 

ci'x + b'y + r'z — d' (F) 
a’x + //'// + v"z = d"(fj), and the mode of 
solution may be conducted in the following manner. 

i. Multiplyeq n . ( E )by a then aa'l 4- a'b y + a'cz=a'd (II) 
.(F)bya . . . aa'x + ah'y+ ac'z—<id\K) 


Subtract ( K) from (II), then( a'b—nb')y + (o'r— <te')z—a'd — a <1 
By multiplying (F) by a", and ((V) by n\ and* subtracting 
the latter result from the former, we obtain in the same 
manner (n'V-o'h"}y + («V-„V') -n'd* (M\ 


n. Next, let tlie coefficients of y and z, and the other 
known quantities in equation (/>), be represented by «. /3, y 
respectively ; and those in equation (M) by p, y ' re- 
spectively; then those equations may be reduced to the 
following form; viz. 

« /y 4/3 Z=y 

* ay + pz~y\ From which, by making 

the proper substitutions in Rule I, and in Art. 71, we ha\c 

,_ a 'y“ a v' 

By'-fi'y 
/ aji up 


in. From equation ( F), we have a ==- 

a 


hy + cz 
a 


in which 


substituting the values of y and r just now found, we obtain 

1 + c(a y — a y') 

d a(a/3 — ajS’) 

Ihis mode of operation might be easily extended to 
equations containing any number of unknown quantities. 

Example 1. 
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Example 1 . 

Let2x + 3y + 42=29(2?)'j to find 
3r+2y + 5z=32(F)vthe values 
4x + 3y + 2z=x25‘(G))of x, y, z. 

r. Multiply (2?)by 3,then6 x + 9y + 12x = 87(/./) 

.(F)by2 . . 6x4- 1 y + 10;? = 64(/£). 

Subtract ( K) from (//) . . 5y + 2z=23(/,). 

Multiply ( F) by 4, then 12 x 4- 8 y + 20 z = 128 
.(6’)by3 . . 12j+9y+ 6*=75 

Subtract.— y 4-14 x = 5 3 ( M). 

ii. Hence the given equations are reduced to, 

5 y+ 2z = 23(L) 

—y + 14 2=53(3/;. 


Again 


. . 2z=2 3 

Multiply (3/) by 5, then — 5 1 /+ 70z=265 


By addition .... 72z=288, or z = 


288 

"72 


= 4. 


From equation (3/). y — 142 — 53 = 56 — 53 = 3. 

in. From equation (. E) . . j = 1 J ~~ L * = ^ 2 = 2. 

F\. 2. x 4 - 1 / 4 -*=90 

2 r + 4 0 = 3 y + 20 ^.Answe 

2x4- 40= 12 4 10 

Ex. i>. j 4 V + z — 53 

3 + 2 y + 3 z ■= 105 
x + 3y + \z — 134 



XIX. 


'I'hr Sohdion of Questions producing Simple Equations. 
in the reduction and management of equations, weiiavc 
proceeded by fixed and stated rules; but in the solution 
of questions we have no such rules to guide us. Every 

particular 
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particular question requires a distinct process of reason¬ 
ing, to bring it into an algebraic form ; and nothing but 
practice and experience can produce expert ness and faci¬ 
lity in conducting this process. All that can be done for 
the learner in this ease, is, to explain the manner in which 
the principles of this science may be made to bear upon 
questions in general; for as soon as they can be brought 
into the shape of equations, we have only to apply the 
foregoing Rules for finding the value of the unknown 
quantity or quantities. Before we proceed, therefore, to 
any actual examples, it may be proper to shew tin* rela¬ 
tion which arithmetical and algebraic operations stand 
in to each other. 

7f>. Suppose the following arithmetical question was 
proposed for solution ; viz. “ To divide the number 35 into 
“ two such parts, that one part may exceed the other part 
“ by 9." A person unacquainted with Algebra, might, with 
no great difficulty, solve this question in the following 
manner. 

i. It appears, in the first place, that there must be a 
greater and a lesser part. 

n. The greater part must exceed the lesser hv 9. 

iii. But it is evident that the greater and lesser parts 
added together must be equal to the whole number 35. 

iv. If then we substitute for the greater part, its equiva¬ 
lent, viz. “ the lesser part increased by 9,’ 1 it follows, that 
the lesser part increased by 9, with the addition of the said 
lesser part, is equal to 35. 

v. Or, in other words, that twice the lesser part, with 
the addition of 9, is equal to 35. 

vi. Therefore, twice the lesser part must be equal to 35, 
with 9 subtracted from it. 

vn. Hence, twice the lesser part is equal to 26. 

viii. From which we conclude, that the lesser pari is 
equal to 26 divided by 2 ; i. e. to 13. 


i\. And 
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ix. And consequently, as the greater part exceeds the 
lesser by 9, it must be equal to 22. 

But by adopting the method of algebraic notation, the 
different steps of this solution may be much more briefly 
expressed a9 follows. 


i. Let the lesser part. 

ir. Then the greater part. 

nr. But the greater part + lesser part . . 

iv. j + 9 + x. 

v. or 2j + 9. 

vi. 2x . 

vn. or 2 x . 

vin. .\ t (lesser part). 


= x. 


= x + 9. 
= 35 . 


J. 


= 35. 

= 35-9. ’ 
= 26. 

= *S-ia. 

2 


ix. and a + 9 {greater part) 


= 13 + 9 = 22. 


70. Having thus explained the manner in which the se¬ 
veral steps in the solution of an arithmetical question 
max be expressed in the language of Algebra, we now 
proceed to its exemplification. 

Question I. 

There are two numbers whose difference is 15, and 

their sum 59. What arc the numbers? 

» 

As their difference is 15, it is evident that the greater 
number must exceed the lesser by 15. 

Let, therefore, 3” = the lesser number, 
then will j+ 15 = tlie greater. 

But their sum = 59 
.*. y + 3 + 15 = 59 
or ‘2.7 + 15 = 59 

and 2.7. =59 —15 = 44 
44 

.*. x=—=22 the lesser number 
2 

•and 3r+15=22 +15 = 37 the greater. 

Qrr. 2. 
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Question 2. 

What two numbers are those whose difference is 9; and 
if three times the greater be added to five times the 
lesser, the sum shall be 35 ? 

Let x=the lesser number; 
then x + 9= greattr number. 

And 3 times the greater ss 3 x (x + 9)=3 x + 2 7. 

5 times the lesser = 5 x. 

But by the question, 3 times the greater + 5 times the lesser = 35 

Hence, (32 +27)+(5x).=35 

.*.82 + 27=35, 

or 8 2 = 35—27 = 8; 2=1 lesser number, 

and 2+9 = 1+ 9=10 the greater number. 


Question 3. 

What number is that to which 10 being added, jj ths of 
the sum shall be 66 ? 

Let 2 =the number required ; 

Then 2 + 10 =the number, with 10 added to it. 


Nowjths of ( 2 + 10 )=-(j+ 10 ) 

5 


3(1 + 10)_x + 30 

5 

But, by the question, Jths of ( 2 + 10 )= 66 ; 

Hence, 

5 

Multiply by 5, then 3 2 + 30=330; 

32=330-30=300; or 2 =—= 100 . 

3 


Question 4. 

What number is that which being multiplied by 6 , the 
product increased by 18, and that sum divided by 9, the 
quotient shall be 20 ? 

Let 2 = the number required; 
then 62 = the number multiplied by 6 ; 

62 + 18=the product increased by 18 , 

and - 8 =that sum divided bv 9. 

® Hence, 
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Hence, by the question, ££ii^ = 20 

0 

Multiply by 9, then 6x+18=180, 

1 fi2 

or 61=180-—18= 162; x=——27. 

6 


Question 5. 

A post is |th in the earth, fths in the water, and 13 feet 
out of the water. What is the length of the post ? 

Let j=the length of the post; 
then ^ = the part of it in the earth, 

— =the part of it in the water* 

13=the part of it out of the water. 

Hut part in earth -j- part in water + part out of water = whole post, 

(!) + (t) + ■'" 

Multiply by 5, then x+ 65 = 5 ac; 

.by 7 . . . 7x*p 15 x + 455 = 35x, 

or 455 = 35j—7x—15x=13x. 


Hence x— 


455 

73 


= 35 = length of post 


Question 6. 

After paying away {th and fth of my money, 1 had 85 f. 
left in my purse; What money had J at first ? 

Let x=money in my purse at first; 
then - + -=money paid away. • 

But money at first—money paid away=money remaining. 
Hence x—^+^= 85, 


i. y. x— 


x __x 

4 7 


85 . 


Multiply 
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Multiply by 4, then 4 2 — 2 - 


4 x 


340; 


bv 7 . . . 28x— 7x—4x=2380, 


\ 172 = 2380; ora: = -—-=140/. 

17 


^ Question 7. 

V'Of a battalion of soldiers (the officers being included), 
Jtlis are on duty, ^th- are sick, ^tlis of the remainder are 
absent, and there are 48 officers. What is the number of 
persons in the battalion ? 

Let 2 =the number of persons in the battalion. 

Then ^ths of x, or —=men on dutv, 

4 

ifctli of a, or —=the sick; 

And — + —, or li^=men on duty and sick. 

4 10 40 20 J 

17a 3 f 

Hence a —-= — = remainder, 

20 20 

And fthsof— ,or-, = fths of remainders the absent. 

0 20 100 5 


But the men on duty, the sick, the absent, and the offi¬ 
cers, together make up the whole battalion ; 


17r , 9x , , c 

i. e. --i-h 4S = t, 

20 100 


or 17 x + — + 96%=20x; 

5 

83 2 + 92+4800=1002. 

Hence 100x—852 — 92=4800, 

or 6x = 4800 ; or 2 = ^— =800. 

6 


Question 8. 

There are two numbers, such,that 3 times the greater added 
to Jd the lesser is equal to 36; and if twice the greater be sub¬ 
tracted 
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tracted from 6 times the lesser, and the remainder divided 
by 8, the quotient "will be 4. What are the numbers ? 

» Let ®=the greater number, 
y=the lesser number; 

Then 3*+^=36 ) 

3 [ ot 9x+ y = 108 * 

6 y—2a? ^ | 6y — 2®= 32 ; 

Or y+ 9®=108 (A). 

6y — 2x— 32 ( B ) 

Multiply equation (A) by 6, then 6y+ 54®= 648 
Subtract equation (B) . . . 6y—• 2®= 32; 


then 56®=616: 

4 T 

. 616 .. 

.*. x— -= 11 . 

56 

From equation A . . . . 108 — 9®=108 — 99 = 9. 

Question 9. 

There is a certain fraction, such, that if I add 3 to the 
numerator, its value will be } ; and if I subtract one from 
the denominator, its^pue will be What is the fraction P 


then the fraction is -. 

y 


Let ®=its numerator) 
y= denominator i 

wT 3 X 

Add 3 to the numerator, then 

y ' 3 

x __ l 
“ 5 


or 


Subtract one from denorn'., and 


3®-f 9=y 
bx=y— 1. 


y —1 

By transposition, y—3®—9 (A), 

y—5®«1 (£). 

Subtract equation (J?) from (A), and we have 

2 ®= 8 ; 
c 

®=-=4 the numerator. 

2 • 

From equation(i4)y=9 + 3x=9 -1-12=21 the denominator. 
Hence the fraction required is 

M 


Qu. 10. 
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, QuESTI9N 10. 

A and B have certain sums of money; says A to B, give 
me 15/L of your money, and I shall have 5 times as mu#h 
as you will have left; says B to A, give me 5 L of your 
money, and I shall have exactly as much as you will have 
left. What sum of money, had each ? 

Let x=^s money) then if 15=what A would have, after 
y—B's ... 5 receiving 15/. from B. 

y__15=- w hat B would have left. 
Again y + 5=what B would have, after 

receiving 5/. from A. 
x— 5=what A would have left. 
Hence, by the question, 15 = 5 x(y —15)=5y— 75,1 

’and y+ 5=rr — 5. f 

By transposition, 5 y — x=90 (A), 1 

and y— .r=--10(J5) J 
Subtract (B) from (A), 4y= 100 ; 

y—2b—B'a money. 

From equation (JB), x—y + 10=25 +10=35 —A'a money. 


Question Ufe 

*A person bought a certain ntnnber of sheep for 94/.; 
having lost 7 of them, he sold ^th of the remainder of them 
at prime cost for 20/. How many sheep had he at first ? 

Let ar=number of sheep he had at first. 

Then —= w ^ ole ® uin =what each sheep cost. 

x number of sheep 

Now x—7=number remaining, when 7 were lost; 

=the number sold for 20/. 

4 

But the number sold x price of each —whole price of sheep sold. 
Hence, by substitution, — 


lx — = 20 , 

4 x 


or (x— 7) x 94 =80x, 
i. e. 94 x —658=80 r, 
or 94x—80x=658, 


14x=658 ;, or x= —= 47. 

14 



SIMPLE EQUATIONS. 83 

Question 12 . 

.V A and B have the same income; A is extravagant, and 
contracts an annual debt amounting to fth of it; B lives 
upon fths of it; at the end of 10 years, B lends A money 
enough to pay off his debts, and has then 1 60/. to spare. 
What is their income ? 

Let z== their income. * 

Then £th of x t or -—A's annual debt, 

7 7 „ *• 

jc 10 x * *' 

and 10 x - or-= A’s debt contracted in 10 years. 

7 m* \f 

7 

As B lives upon Jths of his income, he saves annually jth of it 

hence, ^=B's annual saving, 

X 10 X j t 

and 10 x - , or — , or 2x=B's savings in 10 years. 

5 5 

But, by the question, iTs savings— A's debt+ 160 ; 

lOr * 

by substitution, 2x= —- + 160, 

- or 14x=10a:+ 1120, 

\.tM 

” linn 

and 4.x—1120 ; or x- =280/. 


Question 13. 

A person was desirous of relieving a certain number of 
beggars by giving them 2s. 6d. each, but found that he had 
not money enough in his pocket by 3 shillings; He then 
gave them 2 shillings each, and had four shillings to spare. 
What money had he in his pocket; and how many beggars 
did he relieve ? 

Let £=^money in his pocket (in shillings). 
y =number of beggars. 

Then 2\ x y, or ^=N°. of shill", which would have 

[been given at 2s. 6 d. each. 

at 2s. each. 
Hence, 


and 2 x y. or 2 y= 
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Hence, by the question, 3 (A), 

and 2y=x—A (£)> 

Subtract (B) from (d), then 7, or t/= 14, the number of 

m .[beggars, 

From eq n . (B),x±=2y + 4 = 28 + 4=32 shillings in pocket 

' #■ 

Question 14. 

A person passed Jth of his age in childhood, f^th in 
youth, |th -f 5 years in matrimony; he had then a son whom 
he survived'4 years, and who readied only J the age of his 
father. At what age did this person die ? 

Let x=age of the person at the time of his death. 
Then ^=time spent in childhood. 

— = ..in youth. 

12 f 

* ^+5=.in matrimony. 


^ Ct 3C 

= a g e of the, person when the son 


[was born, 


JT np m 

and x — - — ———5=interval between the birth of the 

6 12 7 . 

[son and the old man's j^eath; 


x — —-—5—4=aee of the son when he died. 

,6 12- 7 & 

But, by the question, the son died at J the age of his father, 

Hence, x—9 ==-. _ 

6 1|> 7 2 

Multiply by 12, then I2x— 2 as—■i~—^08=6®, 

or 3x-I-»108 f 
, 7 

and 21 x—12x= 756; 

HKfl 

92=756; or x=-= 84. 




SIMPLE EQUATIONS. 


86 


Question 15. ' 

To find a number, such, that whether it is divided into 
two or three equal parts, the continued product of the parts 
shall be equal to the same quantity. 

Let £—the number required. 

Then - x - —continued product, when the number 

[is divided into two parts. 

• and ? x - x continued product when the number 
v [is divided into three parts. 

HeA, by ) x x x = a x £ x f or - 

the question, y 2 2 3 3 3* 4 27 7 

27x 9 =4x 3 . 

Divide by x\ then 27=4 x, 

27 

and x=—=6}, the number required. 


^Qu. 16. There is a certain number, consisting of two 
digits. The sum of those digits is 5; and if 9 be added to 
the number itself, the digits will be inverted. What is 
the number ? 

Let x= left-hand digit 
y = right-hand digit. 

Then by Art 61.10x+y=the number itself, 

and 10 y + x = the number with its digits inverted . 
Hence, by the question, x + y = 5 (A), * 
and 10 x + y + 9 = 10y-f-x,or 9x—9y= — 9,or x—y = — 1 (jB> 
Subtract (£) from ( A ), then 2y = 6, and 3, 

# x=5— y=5 — 3 = 2; 

the number=(10x + y)=23. 

Add 9 to this Humber, ahd it becomes 32, which is the 
number with the digits inverted. 

Qu. 17. What two numbers are those whose difference 
is 10; and if 15 be added to their sum, the whole will be 43 ? 

Answer, 9, and 19. 

Qu. 18 . 
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Qu. 18. There are two numbers whose difference is 14; 
and if 9 times the lesser be subtracted from 6 times the 
greater, the remainder will be 33. What are the numbers P 

Answer, l ? 4 and 31. 

Qu. 19. What number is that, to which if I add 20,and 
from fds of this sum 1 subtract 12, the remainder shall 
be 10 ? Answ. 13. 

Qy. 20. What number is that, of which if I add ^d, -Jth, 
and frhs together, the sum shall be 73 ? 

Axsw. 81. 

• . 

Qu. 21. ^ Two persons, A and B, lay out equal sums of 
moneytth' trade; A gains 1204, and B loses 80/.; and now 
A'b money is treble of B's. What sum had each at first ? 

Answ. 180/. 

Qu. 22. What number is that whose part exceeds 
its ^th by 72? Answ. 5 to. 

Qu. 23. There are two numbers wliose sum is 37 ; and 
if 3 times the lesser be subtracted from 4 times the greater, 
and this difference divided by 6, the quotient will be (i. 
What are the numbers? Answ. 21, and 16. 

Qu. 24. There are two numbers whose sum is 49 ; and 
if jth of the lesser be subtracted from ^th of the greater, 
the remainder will be 5. *What are the numbers? 

. k Avsw. 35, and 14. 

Qu. 25. What two numbers are those, to one-third of 
the sum of which if I add 13, the result shall be 1 7; and 
if from half their difference I subtract one, the remainder 
shall be two? ^ Answ. 9, and 3. 

Qu. 26. There is a certain fraction, such, that if I add 
one to its mttoerator, it becomes £; if 3 be added to the 
denominator, it becomes What is the fraction ? 

Answ. —. 

12 
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Qu. 27. A person has two horses, and a paddle worth 
10/.; if the saddle be put on th e first horse, his value be- 
comes double that of the second; but if the saddle be put 
on the second horse, his value will not amount to that of 
the first horse by 13/# What is the vafhe of each horse ? 

‘ ' v. Answer, 56/., and 33/. 

♦ » 

Qu, 28. To divide the number 72 into three parts, so that 
J the first part shall be equal to the second, and ^ths of the 
second -part equal to the third. Answ. 40, 20, ’•and 12. 

Qu.*29. A person after spending ^th of his incom &*plus 
10/. had then remaining J of it plus 35/. Required his 
income. ' An$w. 150/. 

VQu. 30. A gamester at one sitting lost £th of his money, 
and then won 10 shillings; at a second he lost -£d of the 
remainder, and then won 3 shillings; after which he had 
3 guineas left. What money had he first ? Answ. 5/. 

Qu. 31. There are two numbers, such, that £ the 
greater added to -^d the lesser is 13; and if J the lesser 
be taken from £d the greater, the remainder is nothing. 
What are the numbers ? * Answ. 18 and 12, 

Qu. 32. There is a certain number, to the sum of whose 
digits if you add 7, the result will be three times the left- 
hand digit; and if from the number itself you subtract 18, 
the digits will be inverted. What is the number ? Answ. 53. 

% Qu. 33. Divide the number 90 into four such parts, 
that the first increased by 2, the second diminished by 2, 
the third multiplied by 2, and the fourth divided by 2, may 
all be equal to tBe same quMmtity. Answ. 18, 22, 10, 40, 

Qu. 34. A merchant has two kinds of tea, one worth 
9s. 6 d. per pound, the other 13s. 6 d. How many pounds 
of each must he take to form a chest of I04lbs. which 
shall l)e worth 56/.? Answ. 33 at 13s. 6 d. 

71 at 9s. 6c/. 
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Qtr. 35.' A vessel containing 120 gallons is filled In 
10 minutes by two spouts running successively ; tfie one 
runs 14 gallons^ in a minute* Hie other 9 gallons in a 
minute. For what time each*spout run? 

Answer, l4-g$Uon spout runs 6 minutes. 

9-gallon spout... 4 minutes; 

On. 36. In the composition of a certain number of 
pounds of gunpowder, -fda the whole + 10 was nitre; £th 
the whole—4§ was sulphur; and the charcoal was jth of 
the nitre—2. How many pounds of gunpowder were there ? 

Answ. 69 pounds. 

Qu* 37. To find three numbers, such, that the first 
with ^-$Jie sum of the second Jtnd third shall be 120; the 
second with J-th the difference of the third and first ah^ Jl 
he 70 ; and £ the sum of the three numbers shall be 95. 

Answ. 50, 65, 75. 


* CHAP. V. 

ON QUADRATIC EQUATIONS. 

Quadratic Equations are divided into pure and adfeded. 
Pure quadratic equations are those which cont ain only the 
square of the unknown quantity; such as /»36; **+ 5 == 54 ; 
o**—6asc; At Adfeded quadratic equations are those 
wnich involve both the square and simple power of the un¬ 
known quantity, such as*’ + 4 z=b 46; 3**~2arss 2 |; as? + 
26*«€-fd; &c. &c. 

XX, 

On the Solution of Pars Quadratic Equations. 

* ^ Ruie for the solution of pure quadratic equations 

is this; “ Transpose the terms of the equation in such a 
® aanner/that those which contain »* may be on one side 
u fan equation, and the known quantities on the ether; 
“ divide (if necessary) by the coefficient of s’j then^ract 
** *k® ^l** 8 *® root of each side of the equation* and it will 
Ufive the value of * 
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* Example 1. 

Let x a + 5® 54. 

By transposition, #®54—5*^49. 

Extract the square rootS t 

of bpth sides of the V then x**/49»7. 
equation j 

Ex. 2. 

Let 3x s —4=71. 

By* transposition, 3x 1 =7l + 4=75. 

7 

Divide by 3, *'=—=25. 

. 3 

• 4 . 

Extract the square root, j=v25=5 

Ex. 3 * 

Let 5x —27 =3x +215. 

By transposition, 5x — 3x 3 =215 + 27, 

or Sat*®242; 

.*. » a «®^?®121, and ®=»ll. 

2 

Ex. 4. # 

Let a*"—6=c; 
then ax*=c + 6, 

and x =*= C -^~, or x=4 / 

a V a 

Ex. 5. 

Let ax' —5c=fcx —3c + c?. 

Then a® 3 —fex ^y6c—3c + ^» 
or (a—6) x*=2c + df; 

, x’- 2 - c ±i. and 

a —o V a —0 

Ex. 6. 5® — 1 *b 24^ , . Answer, x=7 


Bx. 9x 3 + 9 sb 3x a + 63.x=?3. 

Ex. a **■ t 5 = 4fr.»»10. 

9 


N 
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Ex. 9. 6x 5 + c + p = 26 X*' 4-1 ...... X 

Ex. 10. 2ax s 46*-4=ex ,! - 3 54- d— ax' . . x 

XXL 



On the Solution of Adfected Quadratic Equations. 

78. The most general form under which qji adfected 
quadratic equation can be exhibited is ox* 4 hx=c ; where 
a, b , c may be any quantities what ever, positive or negative , 
integral or fractional. Divide each side of this equation by a, 

then x 1 4- -x=-. Let-= 7 >,-=«; then this equation is 
a a n a m 

reduced to the form x" where p and q may be any 

quantities whatever, positive or negative, integral or frac¬ 
tional. 


79. From the twofold form under which adfected qua¬ 
dratic equations may be expressed, there arise two* Rules 
for their solution. 

Rule I. * 

Letx , 4-px=9- 

Add to each side! , ai - 0 " lr + Aa 

4 + TJ.U. 

of the equation, then J 4 4 1 

+ 

Extract the square root 
of each side of the 
equation, then 

Hence it appears, that “ if t# each side of the equation 
“ there be added the square of half the coefficient of the 
“ second term , there will arise, on the left-hand side of the 

** equation, a quantity which is the Square of x 4 ^; and by 

“ extracting 


,, r = ± Jj*+ -i>r 
2 2 

ami x= ± S t J r + i, l-P. 
2 


(*) Since the Bquare of + a is 4- <r, and of — a is also 4a s , the square 
root of 4 a 2 may be either 4 a or — a ; hence the square root of jp l 44 q may 
be expressed by ± v'/r 4 4 q. 
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“ extracting the square root of each side of the resulting 
“ equation, we obtain a simple equation,* from which the 
“ value of x may be determined/’ 

Rule II. 

Let f// + ^j"==c. 

Multiply each side of ) , « , , , , 

, 1 J , J then 4aV+ \abx=Auc. 

the equation by 4 a, ) 

Add to each side, we have 4aV + 4 ab.r -f b"~ -lac + b 2 . 
Extract the square root as before, 2ax + b = ± J 4 ac + b l 

2ax = i Jiac + tr—b 

and 

'2a 

From which we infer, that “ if eaeli side of the equation 
“ be multiplied by four times the coefficient of and to each 
“ side there be added the square of the coefficient of x, the 
“ quantity on the left-hand side of the equation will be the 
“ square of 2 ax + b, Extract the square root of each side 
“ of the equation, and there arises a simple equation, from 
“ which the value of x may be dcterlhined ib) ." 

If a= 1, the equation is reduced to the form x*+px = q; 
in this case, therefore, the Rule may be applied, by “ mul- 
“ tiplving each side of the equation by 4, and adding the 
“ square of the coefficient of i.” 

80. Either of these Rules may of course be applied to 
the solution of adfected quadratic equations ; but it may be 
proper to observe, that in equations of the form ax 2 + bx — c 
where a is. a small number, and in those of the form 
x 7 + px=q where p is an odd nurhber, Rule II. will be 
found by far the most convenient. 

81. From the form in which the value of x is exhibited in 
each of these Rules, it is evident that it will have two values; 

one 

i " * 

( b ) Hie principle of this Buie will be found in the Btja Ganita , & Hindoo 
Treatise on (lie Elements of Algebra. See Mr. Colebkooki.’s Translation 
of this very curious work. 
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one corresponding to. the sign +, and the other to the 
sign—, of the radical quantity. In the following exam¬ 
ples, the positive values only of x are inserted at the end 
of the solution. 

Example 1. 


J^et x' + 8sr = 65. 

« 12 

‘ By Rule I. add the square of 4 (i. e. ‘IL^ to each side of 

the equation, then . . *. x' + Sx + 16=65 + 16=81. 

Extract the square root of each side of the equation, then 
^r + £, or^x + 4=A/8l = 9, and r= 5. 

Ex. 2. 


By Rule I. add the ) 
square of 2, i.e. 4; then ) 


Let x 2 — 4 i = 15 
x 2 — 4 :rH- 4= 15 + 4 = 49. 


Extract the square root, 



‘2=V49 = 7, andx = 9. 


Ex. 3.. 

• Let 3x a +5ar=42. 

By Rule II. multiply each 4 

side of the equation by >36x 5 + 60z = 504. 

(4a) 12; then.I 

Add (6’) 25 to each si -c ) 36i , + fi0i+ 25=504+ is _ M9 . 
of the equation, we have ) 

Extract the square root of eaek side of the equation, which 
gives (2ax + b, or) 6.r + 5 =n/5*29 = 23, 

.’. 6^ = 18, and x=3. 

Ex. J. 

Let 7 x ! — 20x=32, 

. x i _20,r_32 

—-y* 

Complete the Square by Rule I. 

then + !£»=??. l ££ = 224 . JL9® = 2£i 

7 49 7 49 49 49 49 

and 1. 

V 49 7 7 


Hence x — ^=, 
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Ex. 5. 

Let x~ — t5x= *—54. 

By Rule II. mul -\ , . , 

J l then 4x*—60x= —216. 

tiply-by 4 . . . ) 

Add ( 6 s ) 225 to ) an( j 4 ^—60 a: + 225 = 225 — 216 = 9 . 
each side . . > 

Extract the square rcrot, 2 x— 15= ± -v/9= ± 3 

2 x = 15 ± 3=18 or 12, aud x=9 or 6 . 

Ex. 6. * 

Let 4 x' — =85. 

By Rule II. mul¬ 
tiply by 16, and | 

add the square') 64x^— 48x+9= 1360+9= 1369. 

of 3 to each side I 

of the equation 

Extract the) „ 0 

> 8 x—3=v 1369 = 37, or 
>t) 

Ex. 7. 


scmare root 


, __ uo__. 
8 


Let — — 11 =-. 


3 3 

Multiply by 3, then Ax' — 33=r. 

By transposition . . 4 x~— x=33. 

Multiply by 16, aud add} 

1 to each side of the >64a 2 —16x + 1=528+ J=»529. 


equation (Rule II.) j 


21 


Extract the square root, 8x—1=^529=23, or x— ^ =3. 

Ex. 8 . 

Let 5x 2 + 4 x=273; 
s . lx 273 


then x® + —-=- 


5 


j u d t ^ . 1* . -1 _ 273 . 4 *1369 

and by Rule I. x + +—=— + —=—-— 

.» 25 5 25 25 

37 


. 2 /1369 3' 

5 V 25 5 

, 37 2 35 , 

and x =——-=— =7. 
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Ex. 9. 

* 7 2 

Let 7 + f = 5. 
x +1 x 

Mult y . by x +1, then 7 + ?£dL? = 5 .> + 

x 

. . . . by x . . . . 7 x + 2 x + 2 = h x' + 5 a■. 

By transposition, 5 y — 4 a = 2. 

By Rul^II. lOCka^ — 80x + 16 = 40+ 16 = 56. 

Extract the square root, 1Ox — 4=^56 

and 10.r=\/;>6+4 = 7.48 + l = H.4ft 
11.48 


x = 


JO 


= 1.1 18. 


Ex. 10, 

Let 13x 2 + 2x = 60. 


2 r 60 


Divide bv 13, x + — = 

13 J 3 

By Rule I. 1 . , 

I 2 , 2 *? 1 60 1 

add the square }* + --- + 77^=7- + 


°f -fa’ ) 


13 1G9 13 160 


780+ 1 = 78L 

169 160 169 


Extract the ) 1 n/781 27.94 

A x +—=——= 

square root) 


13 13 

27.94 


13 

1 26.94 


= 2.07. 



by 86, and add c 


Extract the 
square root 


13 13 

Ex. 11. 

Let 2 6a ! — cr = </. 

166V — 8bcx + c =8bcl + a . 

ij&bcl+ c 1 + c 


4br — c=Jsbd+c‘ or x — ‘ 


46 


Ex. 12. x 2 «H2x=108. t=6. 

Ex. 13. x 2 —14 x =j?l. t=17. 

Bx. 14. x 2 + 6 6 a = c .x = */c+96'—36. 

Ex. 15. 3 x s + 2 .r = 161.x=7. 

Ex. 16. 2x 2 — 5x=117 .x=9. 
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Ex. 17. 

3x ? — 2x=2QQ . 

. , . . r = 10. 

Ex. 18. 

5^+4jr=273. 

. . . . i = 7. 

Ex. 19. 

4x'-— 7r-492 . 

. . . . x = 12. 

Ex. 20. 

2 '~l= a ' + U. 

a 

. . . . y=12. 

Ex. 21. 

2* + l _3 

3x3 

.i = 3 or ■ 

Ex. 22. 

3 . 

3 2 

W 

. . . . x=6. 

Ex. 23. 

. < L+?=n. 

.r+ 1 t 

. . . . x = 2. 

Ex. 24. 

x J4 — j x « • i « i < ■ 

. ... r=6. 

Ex. 25. 

*m 5 —M • 

p-r - ....... . 

5 x 

.... x=25 or U 

Ex. 20. 

x r + 1 _ 13 

--— i ■ • * • * 

x + I x 6 

. . . . t — 2. 

Ex. 27. 

* 

3 x x —l ,, 

-- x — 9 . . 

( »+2 6 

. . . . x = 10. 

Ex. 28. 

r— (ix+ 19 = 13 .... 

. . . . x = 4.732 or 1.268. 

Ex. 29. 

5x ! + 4x = 25.. 

.... x= 1.871. 

Ex. 30. 

4aar — bx = c . 

& + */&*+ 16ac 
. . . • x = - -- 

8a 

Ex. 31. 

X , a __ 2 

— T — — - 

a x a 

. . . . r=l±Jl-a\ 


XXII. 

On the Solution of Questions producing Quadratic Equations. 

82. In the solution of Questions which involve Qua¬ 
dratic Equations, sometimes both, and sometimes only one 
of the values of the unknown quantity will answer the 
conditions required. This is a circumstance which may 
always be very readily determined by the nature of the 
question itself. 
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Question 1 . 

'Fo divide the number.56 into two such parts, that their 
product shall be 640. 

Let x=one part, 

. then 56—ar=the other part, 

and *(56 — x)=product of the two parts. 
Hence, by the question, x(56—x)=640, 

• or 56*—***==640. 


By transposition, x —56x=—640. 
By completing the> ,_ 56 , + , 84==w _ 6 
square, Kule I. ) 


144 ; 


•*. x —28= ± 12, and x=40 or 16. 

In this case, it appears that the two values of the unknown 
quantity are the two parts iiiffc which the given number 
was required to be divided. 


Question 2 . * 

There are two numbers whose difference is 7, and half 
their product plus 30 is equal to the square of the lesser 
number. What are the numbers ? 


Let x = the lesser number, 
then * + 7 = the greater number, 

and —(*’*''*') + 30sshalf their product plus 30. 

Ct 


Hence, by the question, - v - T - J/ + 30 = j (square of lesser), 

or* 5 + 7 *+3<W. * 

2 

Multiply by 2 . . . x* + 7 x + 60 = 2 x . 

By transposition.x-~7x = 60. 

Multiply by 4, and) , + 

add 49 (Rule II.) j ’ 

.*. 2x—7=17 

2x=24, or x— l2^*le$*er number; 
hence * + 7=19 =greater number. 
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Question 3. 

To divide the number 30 into«two such parts, that their 
product may be equal to eight times, their difference. 

Let *=the lesser part, 

# then 30—*=the greater part, 

and 30-7*—® or 30—2*=their difference. 


Hence, by the question, *(30—*)= 8 ( 30 — 2 *), 

or 30 *—* s =240—16*. 

By transposition, * 2 —46*= —240. 

Complete the square ,) 

/n m „ T A \ *'—46*+ 529 = 529—240 = 289; 
(JK-ule L) ) Ik 

• • .'.*—23= ±17, 


and * 5 = 23 ± 17 = 40 or 6=lesser pa?*t; 
30—*=30— 6 = 24 = greater part. 


In this case, the solution of the equation gives 40 and 6 
for the lesser part. Now, as 40 cannot possibly be a part 
of 30, we take 6 for the lesser■ part, which gives 24 for the 
greater part; and the two numbers, 24 and 6 , answer the 
conditions required. 


, Question 4. 

A person bought cloth for 33/. 15s. which he sold again 
at 2/. 8s. per piece, and gained by the bargain as much as 
one piece cost him; Required the number of pieces. 

Let jc=the number of pieces. 

/»t 

Then -— = number of shillings each piece cost, 
x 

and 48*=number of shillings he sold the wliole for ; 
48*—675’= what he gained by the bargain. 

675 

Hence, by the question, 48*— 675=- 

(JC 

By transposition) *__225 _ 225 

and^division, ) 16 16 


O 


Complete 
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Complete the) ^ t ___ 225 ^ 50625 _ a 

square (Rule I.) ; 16. 1024 


225 50625_65025 

16 + 1024 1024 


225 225 , 480 .. 

ae—-=* , and x—-— = 15. 

32 32 32 


Question 5. 

A and JB set off at the same time to a place at the di¬ 
stance of 150 miles. *A travels 3 miles an hour faster than 
B, and arrives at his journey’s end 8 hours and 20 minutes 
before him. At what rate did each person travel per hour ? 

Let x=rate per hour at which B travels. 

Then x + 3=. A . . . . 

150 ^ 

And —— = number of hours fop which B travels. 
x 

± 50 =.. A _ 

1 + 3 « 

But A is 3 hours 20 minutes (b^ hours) sooner at his 
journey's end thau B ; 

150 

t »j= —. 

3 -f- 3 J 


Hence -L£2- + 8i 


150 , 25 150 

or + - = — 
x + 3 3 x 

By reduction, r 3 + 3 ar= 54. 

O Q OO^ 

Complete the square, x* 4- 3x + 5=54 + 5 =— (Rule 1.); 
. 4 4 4' 

,3 15 

2 2 _ 


and 


15 — 3 


2 


= 6 miles an hour for B 


x+ 3=p.for A . 

Question 6. 

Some bees had alighted upon a tree; at one flight the 
square root of half of them went away; at another ^ths of 
them; two bees then remained. How maijy thc$ alighted 
on the tree ? (a) 


(M This question, and the mode of solution, is taken from the Uija 
Ganita. 
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Let 2x 2 =the N° of bees; 
then + 2 = 22 *, 

or 9x-f- 16a?'-f 18=18£ s ; 

* 18 7?— 16 a: 5 — 9 a:—18, 

or 2x 2 —9x=l8. 

(Rule II.) Multiply by 8, 

16 a* — 72x=144. 

Add 81; then 16x*—72x + 81=225, 

or 1 x— 9= 15 ; 

1 j = 1 5 + 9=24, and x=6, 2x s =72=*:N a of bees. 

Qu. 7. To divide the nuniber*33 into two such parts, 
that their product shall be 162. Answer, 27 and 6. 

Qu. W. Wliat two numbers are those whose sum is 29, 
and product 100? Answ. 25 and 4. 

Qu. 9. The difference of two numbers is 5, and jtli 
})art of their product is 26. What we the numbers? 

Answ. 13 and 8. 

Qu. 10. The difference of two numbers is 6; and if 
17 be add(‘d to / nice the square of the lesser, it will be equal 
to the square of the greater. WTiat are the numbers ? 

Answ. 17 and 11, or 7 and 1. 

Qu. 11. There are two numbers whose sum is 30; and 
^d of their product ]>Ius 18 is equal to the square of the 
lesser number. What are the numbers? Answ. 21 and s 9. 

Qu. 12. There are two numbers whose product is 120: 
If 2 be added to the lesser, and 3 subtracted from the 
greater, the product of the sum and remainder will also 
be 120. What are the numbers? Answ. 15 and 8. 
f' Qu. 13. A and B distribute 1200/. each among a cer¬ 
tain number of persons. A relieves 40 persons more than 
B, and B gives bl apiece to each person more than A. 
How many persons* were relieved by A and B respec¬ 
tively ? An^W. 120 by A, 80 byJ5. 
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Qu. 14. A person bought a certain number of sheep 
for 120/. If there had been 8 more, each sheep would 
have cost him 10 shillings less. How many sheep were 
there? A\sw. 40. 

Qu. 15. A person bought a certain number of sheep 
for 57/. Having lost 8 of them, and sold the remainder 
at 8 shillings a-head profit, he is no loser by the bargain. 
How many sheep did he buy ? Answ. 38. 

Qu. 16. A and B set off at the same time to a place 
at the distance of 300 miles. A travels at the rate of one 
mile an hour faster than B, and arrives at his journey’s 
end 10 hours before him. At what rate did each person 
travel per hour ? Answ. A travelled 6 miles per hour. 


XXIII. 


On Quadratic Equations having Impossible Boots. 

83. In the solution of the adfected Quadratic Equation 
x* + px = q (Art. 79.) the two values of x were shewn to be 

equal to *5* . _ P. If q be a negative quantity, and 

£ 

p" less than 4 q, then the quantity p i —4q is negative, and 
consequently the quantity ±Jp : —4q comes under the 
description of the radical quantities mentioned in Art 56. 
Iii tjiis case, the two roots, or values of x, are said to be 
impossible. 

Example 1. 

Let x 2 + 8x+ 31 = 0, or x 2 + 8x== —31. 

Complete the square, (Rule I.) 

then x 2 +8x+16= — 31 + 16== —15, 
and x+ 4= ± J —15, or x=—-4 

Ex. 3* 

Let x*— 12x + 50r=Q, or x a — 12x^= ±-.50. * 

• , Complete 
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Complete the square, (Rule I.) 

x ! —12a:+ 36=— 50 + 36= —14, 
and x—6 = f 14 ; .*. x=6±J— 14. 


Ex. 3. 


To 4i vide the number 16 into two such parts, that their 
product sMIll be equal to 70. 

Let x=one part, 
then 16—x=the other part. 

Hence x (16 — x) or 16 r — i 1 = r lQ. ' 

Transpose, and a, 2 — J6 j = — 70. 

# 

Complete the square, 

ar 2 — 16 j + 61 = — 70 + 64 = — 6, 

\ x — 8 ■= ± J ^ or r=8 ± J — 67" 


Ex. 4. 2x*+ 15 = 3a:.*** 


Ex. 5. 3x~-^x t =l0 . x=6±J — 4. 

Ex. 6. To divide the number 20 into two such parts, 
that their product shall be 105. x= 10 ± */—5. 


XXIV. 

On the Solution of Quadratic Equations of the form 

x* n +px*=q. % - 

84. Let y = x n , then (by Case III. Art. 65.) y ^x *"; and 
substituting these values for x 2n and x n in the equation 
+ it is transformed into y‘ -\-py=q, where the 

value of y may be determined by the foregoing Rules. 
Having the value of y, the value of x may be found; for 
x n =y, x— ^/y. We are thus enabled to solve equations 

in 


( a ) It is very well known that'the greatest product which can arise from 
the multiplication of the two parts into which any given number may be 
divided, is when these parts are equalt the greatest product, therefore, 
which could arise from the division of the number 16 into two parts, is 
when each of them js* 8 ; hence, in requiring “ to divide the number 16 
into two such parts that their product shall be 70,7 the solution of the 
question is impossible. 
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in which the unknown quantity is found only in two terms, 

and where the index of the highest power is double the 

index of the lowest, like common quadrttics. 

Example 1, 

Let x 4 —tSa*=27. 

V * l . . y '— C> y —27. 

then t* — y\) ,y J 

By Role I. y*— 6 ;/ + 9 = 27 *f 9 = 30, 

and y— 3 = 6, or ?/ = 9. 

But since x a = ;y, x = \/y, a —"/9 = :i. 

# Kx. 2. 

Let x' 1 —2x J = 4H. 

These equations are often solved b} the common Rules, 
without the formality of substitution; thus, 

Complete the square, (Rule I.) x® — 2 / * f- I = J ^ -f l = in 
Extract the root, x 3 —1=7, jt 3 =H, and 2. 

Ex. 3. 

Let 2x — 7-v/t = 99. 

Put y = r 
then y \ 

By Rule II. 1 6y~ — 5G y •+■ 4 9 = 7 9 2 + 4 9 = M 1, 

and iy — 7 = 29, 

* or 4»/ = 36, and y = 9 ; x~y - - s l . 

Ex. 4. 

To resolve the number a into two such factors, that the 
sum of their nth powers shall be equal to b. 

Let x=one factor, 

then - = the other factor, 
x 


it ?/ — r 1 Sy 1 - 7 y = 99. 
en y — \/.i ) 


Hence x n + — =b , or x in + a*=bx*, 
x" 

By Rule II. 4x 5 " — 46x" + & 3 = 2> a — 4«", 
and 2x"—4a n , or 2x n = b±Jlf—ia n , 

and *=!l±dEi IH- 

2 v 2 

The two values of x are the two factors required. 


x* w 
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Ex. 5. a? 4 -f 4ar= 12 z=n/2. 

Ex. 0. a 6 — 8^ = 513.. #=3. 

Ex. 7. '2x* — r 3 = 196 . r=4. 


Ex. 8. To resolve the number IS into two such factors, 
that the sum of their cubes shall be 243. (See Ex. 4.) 

Answer, 6 and 3. 

XXV. 

On the Solution of Quadratic Equations containing Two 

unknown Quantities. 

The solution of equations with turn unknown quantities, 
in which one or both these quantities are found in a qua¬ 
dratic form can only, in particular casrs ib) , be effected by 
means of the preceding Rules. Of these cases,. the two 
following are very well known. 

Case L 

RY ‘ Wncsi one of the equations by which the values 
"of tiie unknown quantities are to be determined, is a 
sinijile equation;*' in which case, the Rule is, “ to find a 
“ value of one of the unknown quantities from that simple 
equation, and then substitute for it the value so found, 
" in the otla r equation. The resulting equation will be 
“ a quadratic. which may be solved by the ordinary Rules.” 
Thus, 

Let ax-ft y — c j be the two equations, in which the 
a'r + l)i y -p c,< ' ---</ ) values of * and y are to be determined. 

b rom the 1st equation a;=^^. 

a 

Substitute 


( b ) The nio.st -iM p.eto form under which quadratic equations containing 
two unknown qu.>,»* i u could be expressed, is this, 

* *' Vby 1 rcJcy-\ d& + ey—rn 

ii‘jt i f'i/~ |-1 \ry -f tfY-l- t>'y=m ; but the general solu¬ 
tion of these equations ran only be effected by means of equations ot 
.higher dimensions than quadratics. 
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Substitute this) , t , 

for z in the v then b ^ 7/1 

2d equation, ) 

or o > g , "-g° #& g.v+ a>fc V + bjy-pvyl +t y 

Jtw ** 


) +c y=d. 

=t/, 


which reduced, is 

(a'6 4 — a & 6' + «V) y 2 + (a &'e ~2a'b c ) y =='* V/ — «'c 2 , 
a,common quadratic equation, from which the value of y 
may be found. 

Example I. 


Let x + 2-?/—7, ) _ * . . 

, « , _ ' 2 O „fto find the values of a: and y* 

and ar-f 3xy—y =23 J . ^ 

From 1st equation, x=7 — 2?/, ar=49— 28y + 4y 5 ; 

Substitute these values for x and r* in the 2d equation, 

then 49—28y-f 4y' + 21 y — 6 y'—y 1 =23, 


or 3y+7y= 19 —23=26. 
By Rule II. 36 y* + 84 y + 49—312 -f 49 = 361, 
6y + 7=19, or 6 y=12, and y = 2; 
... x = 7—2y==7 — 4 = 3. 


Let 8 £±y = 9 
3 


] 


Ex. 2. 

to find the values of x and y. 


and 3jry=210 

From 1st equation, 2z-fy = 27; 

2x=27 — y, and x = 27 - 


07_ j. 

Hence, 3ry = 3 x—xy = 210, 


or 3 X (27—y) xy=a420 
81.y — 3y’=420 
27 y— y*= 140 ; 
or y l —27y= —140. 

By Rule II. 4y 2 — I08y + 729 = 729—560=169; 

2y—27= ± 13, or y = — ^ 13 = 20 or 7, 

■ tfj 2 

and »= ?7- 20 or 7 = 3j or 10. 

A II * 
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Ex. 3. 

There is a certain number consisting of two digits. 
,The left-hand digit is equal to 3 times the right-hand 
digit;*and if 12 be subtracted from the number itself, 
the remainder will be equal to the square of the left-hand 
digit. What is the number ? 

Let x be the left-hand digit, 1 then, by Art. 61, 10/ + y is the 

and y the other ; 5 number. 

Ilcncc, a = 3 // ) , .. 

, : ? by the question ; 

and 10 j -j- ?y —12= x z S 

by sub¬ 
stitution 

9/ —31y= —12; 

' 31 12 

• sr--y=- 


titutio!; j 30 2/ + •'/ - 12== 9 'S' ( for 10x=30y, and r = 9if); 


9 

i) n I 2 31 061 

ny Kui.e 1. y — y 4-- 

J 9 J 32-1 


9 

961 _ 12 
321 9 


061—132 
321 


520 

324* 


31 23 54 0 

Hence, y — —=—; or ?/ = — — 3, 

' 19 IS J IS 

x— 3j/=9 ; and consequently the number is 93. 

hx. 4. Let 2 j 3 ij — 1 ) , /. i , * in, 

> to nnd tlie values of r and y. 

2r + si/-5y 2 =20) J 

Answer, i — 5, y=3. 

Ex. 5. Tiiere are two numbers, such, that if the lesser 
be taken from three times the greater, the remainder will 
be 35; and if four times the greater be divided by three 
times the lesser plus one, the quotient will be equal to the 
lesser number. What arc the numbers? Answ. 13 and 4. 

Ex. 6. What number is that, the .sum of whose digits 
is 15 ; and if 31 be added to their product, the digits will 

be invertetl ? Answ. 7 8. 

Case If. 

8G. When a 2 , y\ or ry, is found in every term of the 
two equations, they assume the form of 

a r + bxy + cy~=d, 

dr + b'xy + ; and their solution 

may be effected in the following manner. 

P 


Assume 
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Assume x=vy, then x‘—v y '; substitute these values 
for x' and x in both equations, then we have 

a v"y' -f b v u 1 + cy 7 =d, or y '=—-— - (A) 

av' + bv + c K 

a ' v Y + b’vy + cif ftb, or i/ = , 

ur+6V + c 

Hence .. . 'f _=» -- 

or (ad — ad') v 2 + (b'd — bd') v—cd’ — c'd ; which is a qua¬ 
dratic equation, from whence the value of v may be deter¬ 
mined. Having the value of the value of y may be found 
from either of the equations ( A ) or (Ji)\ and then tin* 
value of x, from the equation x—v y. 

Example 1. 

Let 2 z 2 + 3 1 y + y 2 — 20 
0 3 J + 4^=41 ; 


Assume z — vy, then 2 vy 2 + '-ivy 2 + y 2 — 20, or ?/= 


2/ ' + 3? + 1 

a 


and 5 i’V‘ ! ’+ 1 1 / 1 — a, or u = 

J J J 5l'* + 4 

Hence — T i0 -— = —--- , 

2 r + 3 r -|-1 5r + l 

which reduced, is, Gv 2 —41 v= —13; 

._4h = __ 13 

’ ’ V 6 " 6 

„ „ T 44 v , 1681 1360 

J 6 144 144 

11 +37 41 ±..7 13 1 

• /ii_ — - 1 - - rw _±_=_ m* __ 


i’— — — ~ ; or V- 

12 12 

41 41 360 


— or -. 
2 3 


T - l , . 41 41 360 Q _* 

Let «=-, then y = ——-= ==— =9. or y=.i, 

3 5 v + 4 £+4 41 

x= iy = 3 x 3=1. 

Ex. 2 . 

What two numbers are those, whose sum multiplied 

by 
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by the greater is 77 ; and whose difference multiplied by 
the lesser is equal to 12 ? 

Let a=greater number, 
t/ = lesser. 

Then (x + ?/) x j =x 2 + x y = 77, 
and (a — y ) X y=xy — y = 12. 

Assume i = d j/ ; 

Then r'y 2 ±w> 7/~= 77, or ip=z—2-l- ; 

t; -4- r 

12 

and ry 2 — y =12, or y = 


r— 1 


Hence, 


12 


77 


r— 1 7’ + i' * 

or 12/' ± 1 2r —7 7/’ — 77; 

i i ■ 4 65 77 

winch gives r—— r=— — , 

* 12 12 

. , 65 4225 529 

and r~ -7’-+-=-; 

12 576 576 


65 ±23 38 01*42 11 7 

, .*. v— =-— or 

24 24 3 4 

Eifhrr value of v will answer the conditions of the question; 

i+*i 7 .. , 12 12 43 IS 

but take v— ~ ; then y — -= -— =-= - = 16. 

4 u-1 j-l 7-1 3 

7 

andy=4, .*. j = ?*y=_ x4 = 7. 

4 

Hence, the numbers are 4 and 7. 


Ex. Ih Find two numbers, sueli, that the square of the 
greater minus the square of the lesser may be 56; and the 
square of the lesser plus *d their product may be 40. 

Answer, 9 anil 5. 

Ex. 4. There are two numbers, such, that 3 times the 
square of the greater plus twice the square of the lesser is 
110 ; and half their product plus the square of the lesser 
is 1. Wliat are the numbers 1 Answ. 6 and l. (a 


(.'*) For a great variety of questions relating to quadratic equations which 
contain two unknown quantities, see Bi.and’s Alyebuiical Problems, 1812. 



108 QUADRATIC EQUATIONS. 

XXVI. 

On the Solution of certain Equations, in which the Two 
unknown Quantities (x and y) are similarly invoiced. 

87. Let x and y be any two numbers, of which x is the 
greater, and y the lesser; let x + y = 2 .v, x — y = 2z; then, 
by Art. 28, z=s4-z, and y — s—z. Now, let .i + y — a, 
x' + y' — c, and i b + if=<l; then the values of x 
and y may be found in terms of the known, quantities 
s, a, b, # d, in the following manner. 

’>• r M*+-) w + 2 

y=(»— z ) ! =* — * * -+; 

by addition, 

x d 7 /(°) = ~ ,S ' J + - ai1 ^ ~ = ~ . ~ S or r=y/‘ 


a Z s 


Hence 


/ a — 2~s~ , . /a — 2 v 

?i=»iV . and ,/=*-\/ • 


ii. *’ = (* + s)W+3*^ + 3*^ + ** 

?/=(«—=s 3 —a * z + * 5 ' s ‘ ; 

>6-2#* 4 /r-2 s' 

:.r 1 + #)=2^0 S ;’; and ’ or 2=1 V “ ,; s * 

/}] — '> s 1 ' . /It—'Is' 

Hence x= s 4-y —~- 1 -t andy=.«"y — ( r. • 


in. * 4 5=(s+r)‘ = .v 4 + 1 .s- 3 z + 6 .s-V + 1 ,v z“‘t * 1 ’ 
t/ = (.s* — z) 1 = $ 1 — 4 .S‘ 3 z + C ,v'z 2 — 4 s z 3 -f r > 

,\ z 4 -f (e) = 2 .v 4 4* 12 .s-V, 2 + 2z 4 is a quadratic eqi ia ^ 011 * rom 

which the value of z may b" I° U,K ^ 


v— 

iV. z 5 = (.S' + :/ = s* + 5,v 4 z + 10 .sV 4-10.vz 3 4 ?' v ~' + 
^=(.v_.J' = s & -5.s^ 4- 10*V- 10* z 3 4- 
a s 4- y‘(r/) = 2 * s 4- 20 .s-V 4 10 * z 4 is a quadratic equation 
from which the value of z may be fr )UIlt ^ * 


C) In reviewing these operations, it may be observed, that 
where the index of s is an odd number destroy each other in th 


those terms 
e successive 
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88. Let x + y=2s and x—y=*2z* as before, and let 

- + y= a ';--+ ^=//; —+ —=and— + ^_—rf'; then, by 
y x y x y x y x J 

means of tiie equations in the preceding Article (87), the 

values of x and y may be found in terms of the known 

quantities, .v, a', b', c', d\ 

r 

i. I + ■L= t i / , x‘ + y’—a'xy=a' (ft + zXs—z)=a' (s l —z' i ). 

V 1 

But by Cask I. (87.) x‘ + y — 2s ? + 2& 2 ; 

Hence o',s'— a'z'~2s~ -f- 2z 2 . 


or z-\/(£=*V. 

«'+2 V „' +2 


.7=.v+ vA' - 2 ^' S , and i/=s — 4 f^Ll . 

V «'+2 J V «'+2 

n -~ +-= /y - > J + y = //jy=//(.« 

?/ * 

By Cask II. (87.) j 3 -f 2,s' 1 ■+■ G .y z‘- 

• ’• h ( V — z') =■ 2 ,v 3 + G .v 

i 2 (/)' — 2 s)s' /(// — 2.v).s 

//+6s V //.§. G s 

.. /(//—2~s-js ,: , /7//—‘/.rv 

Hence a =.v+\/ ,, , and y — s—\/ ^ . 

V /> + G.v 17 V 6 +6.V 


III. — + ^ = e\ x 4 + y'—di y = c'(s'— 2 '). 

y % 

By Case III. (87.) 3 4 + ?/= 2 s 4 + 12,vV-f 2z 4 ; 

Hence c(.v 2 —z ) = 2.v 1 + 12 js'V + 2z 4 is a quadratic 
equation, by which the value of z may be found. 


series j hence, if the operations had been continued to x r ’ + y f ' and <r 7 -fy T , 
the resulting equations would have been equations of six dimensions in a 
cubic form; if they had been carried on to and-c” +y", the resulting 

equations would have been equations of eight dimensions in a biquadratic 
form. Hence the Problem of “ Given the sum of two numbers, and the 
sum of their nth powers, to find the numbers themselves,” may be solved 
as far as the 9th power, by means either of quadratic, cubic, or biquadratic 
equations. 
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iv. - + £ = d' t /. Z i + y s =(1'xy=<l'(s i -z). 

y x 

By Case IV. (87). x b +;/=2 s & + 20* J z + 10 s **; and by 
equating these two values of x 6 + y ®, there arises a quadratic 
equation by which the value of z may be determined. 

89. Let a + y=s, *and a ;i/=/>; then the sums of the 
several powers of jr and y may be found in terms of the 

know T n quantities p ai*l in the following manner, 

*> ^ 

i. a* +2xy+ y*==»'; 

. •. r‘ + if = s — 2 x y = * 5 — 2 }>• 

n. (a+y 5 ) (tr + y)=0r-2p>, 
or x 3 + y* + x y ( r + y )=— 2 }> s, 

* i. e. ar 1 + y 3 + p s = v 3 — 2 par; 

t j 1 + i/ = s 3 — Ups. 

hi. (j’ + y 1 ) (j + y)=(v 1 -3p.v).v. 
or x 4 + y i + x y (a 2 + i/*) = .s 1 — 3])s\ 
i. e. ar 4 + y 4 + p(.s ; ’ — 2 p) = .s 4 — 3 p v 2 ; 

** + /y 4 = * * — 4 p at' f 2p\ 


iv. (x‘ + y 4 ) (x + ,y) = (v 1 — 4p -v' + 2p 2 Vv, 
or x 4 + // + j y(x 3 + y 3 )=s- 6 —4p.v 3 + 2p\v, 
i. e. + y 5 + p (s 3 — 3p s)—8 b — \ p s ' + 2 p\v; 

.'. X * + y * = V* — 5 p $ 3 + 5 />*A\ 

or in general x" +y n =s.v"—np.v n “ s + -?)/>■'«"■ 4 —&t\ 


Example 1. 

The sum of two numbers is 6, and the sum of their fifth 
powers is 1056. What are the numbers ? 

This Example belongs to Case IV. Art 87. where s = 3, 
and d— 1056. 

The equation to find the value of * is 
2x 5 +20sV + I0s* 4 = e7, 
or 486+ 540z 2 + 30* 4 = 1056; 


Divide 
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Ill 


Divide by 6, 81+90* a +5* 4 :=176; 

z 4 + 182*= 19. 

By Rule I. * 4 + 182*+ 81 = 100, 

or* 2 + 9= 10; z l — 1, and *= 1. 

Hence £=.s + z=3 + 1 = 4, 

y=fs —* = 3 — 1 = 2. 


Ex. 2. There are two numbers whose sum is 18, and the 
square of the greater divided by the lesser plus the square 
of the lesier divided by the greater is 27; What are the 
nijjnbers ? 

In Case II. (88.) s= 9, and //= 27; hence z — 


/>+(>* V 27+ 54 V 81 


s + * — 9 + 3 is 12, and ?/ = .v — z= 9 — 3 = 6 ; and the t#o 
numbers are 12 and (i. • • 


Ex. ;i. The sum of two numbers is 5 (s'), and their pro¬ 
duct f> (p); What is the sum of their 4th powers ? 

By Case III. (Art. 89.) T 4 + t // = .v 4 — 4p.v ? +2p 8 =625 — 
000+72 = 25 + 72 = 97. 


b%A P. VI. 

ON RATIOS, PROPORTION, AND VARIATION 

XXVII. 

Definitions. 

00. By Ratio is meant the relation which one quantity 
bears to another, with respect to magnitude. It is evident 
that this relation can exist only between quantities of a 
similar kind; thus, a number must be compared with a 
number; a line with a line; &c. &c.; and it would be 
absurd to compare a certain number of feet with a efirtain 
number of pounds; &c. &c. 

*91. There are two ways in which the magnitude of quan¬ 
tities may be compared. In the first place, they may be 

compared 
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compared with regard to their difference ; and then the 
question asked, is, “ How much one quantity is greater or 
less than another.’' The relation which quantities bear 
to each other in this respect, is called tlieir Arithmetical 
Ratio. The other way in which they may be compared, 
is, by inquiring, “ How often one quantity is contained in 
the other.” This relation between quantities is called their 
Geometrical Ratio. The term ratio, when simply applied, 
is generally understood in the latter sense ; aftd it is in 
this sense that the word will be made use of in the present 
Chapter. 

92. In considering how often one quantity i& contained 
in another, the natural process is to divide the one by the 
other. Thus, in comparing the number 12 with the num¬ 
bers 4 an# 3, we Kfeow that 4 is contained in 1:2 three 
times, and that 3 is contained in the same number four 
times; from which we infer that the ratio of 12:3 1,4 is 
greater than the ratio of 12:4, the magnitude of a ratio 
being measured by the number of times one quantity is 
contained in another. For the same reason, the ratio ol' 
11:7 is said to be less than the rati^of 11 : 5. When the 
ratio is thus expressed, the firsj^term of it is called the 
antecedent, the last term the consequent, of that ratio. 

93. From this mode of estimating the magnitude of a 
ratio, it appears that when the; consequent of a ratio is 
not an aliquot part of the antecedent, the value of the 
ratio must be expressed by a fraction, whose numerator 
is the antecedent, and denominator the consequent of that 
ratio. Thus the magnitude of the ratio of 13:7 is ex¬ 
pressed by the fraction and of the ratio 4:13 by the 

jfractlbn When the antecedent of a ratio is greater 

.than the consequent, it is called a ratio of greater in¬ 
equality ; when the antecedent is less than the consequent, 

a ratio 

(*) In expressing the ratio of two quantities, the word " to” is generally 
supplied by twg dots; thus, the ratio of " a to b ” is expressed by '* a : b” 
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a ratio of lesser inequality ; and if the two terms of a ratio 
be the same, then it is said to be a ratio of equality. 

94. The foregoing definitions evidently apply only to 
those instances, in which the consequent of a ratio is con¬ 
tained a certain number of times in the antecedent, or to 
those in which the magnitude of the ratio may be expressed 
by some definite fraction. It does not therefore compre¬ 
hend such ratios as \,/2 : 5 ; \/3 : ^/l ; 4 : v/3; fro.; where 
the values of the quantities s/2, \/3, \/l, f/H &c. can 
only he expressed in decimal fractions which do not ter¬ 
minate. The ratio which exists between quantities of this 
latter kind, when the radical quantity is expressed by a 
decimal fraction, is called their approximate ratio. 

95. Proportion consists in the equality of ratios ; thus, 
since 1 is contained in 12, the same number of times that 
6 is in 18, the ratio of 12: 4 is said to be equal to the 
ratio of 18:6, or, in other words, that 12 : 4 :: 18 : 6.' h) Of 
the four terms of which every proportion consists, the 
first and last terms are called the extremes, and the second 
and third the menus of that proportion. 

9G. If there be a set of quantities related together in the 
following manner, viz. a:b :: h : c :: c : d :: <1: e, frc. where 

o 

the consequent of every preceding ratio is the antecedent 
of the following one, then the quantities a, b, c, d, e, &e. 
are said to he in continued proportion ; and if only three 
quantities be concerned, as in the proportion a: b :: b : c, 
then b is said to be a mean proportional between the two 
extremes a and c. • 

97. Since the proportion a: b::c:d expresses the equa¬ 
lity of the ratios a : b and c : d ; and since the magnitude of 

the ratio a: bis measured by the fraction and that of the 

ratio 


( 6 ) In stating a proportion, the words " is to” and “ to” are generally 
supplied by two dots, and the word “ as” by four dots ; thus, the propor¬ 
tion " a is to b as c to d” is expressed by " a: b::c: d. 

Q 



RATIOS. 


114 

42 • Q 0 

ratio c:d bv the fraction it follows tlyit-=-, or tlvat 
* a b a 

•* when four quantities are proportional, the quotient of 
** the first divided by the second is equal to the quotient 
“ of the third divided the fourthand vice yersd, “ if 

“ there be four quantities a, b, c, d, such, that ?=*=-, then 

b d 

those four quantities are proportional, or a: b ::c : d .” 

XXVIII. 

On the Comparison and Composition of Ratios. 

9R. On the comparison of Ratios. 

r. Since the ratio of a: b may be expressed by the frac- « 

tion y , let the numerator and denominator of this fraction 
b 

be multiplied by any quantity m(m being cither integral or 

fractional), then —- = 7 , and the ratio of rna: mb is the 
y ' mb b 

same with tlie ratio of a : b ; from which we infer, that*“ if 
“ the terms of a ratio be multiplied or divided by the same 
“ quantity, it does not alter the value of the ratio." From 
hence also it appears, that a ratio is reduced to its lowest 
terms by dividing its antecedent and consequent by their 
greatest common mqpsure. 

rr. “ Ratios are compared together by reducing the frac- 
“ tions by which their values are respectively represented, 

" to a common denominator .’ 1 Thus, the ratio t>f 8 : 5 is 

represented by the fraction -, and the ratio of 9: 6 by the 

fraction ?; reduce these fractions to others of the snm% 

value, having a common denominator, and they become 

48 and —- respectively; and since is greater than --, 
30 30 1 J 30 h 30 

the ratio 8 : 5 is greater than the ratio of 9: 6 . 

in. “ A ratio of greater inequality is diminished, and a 
“ ratio of lesser inequality is increased, by adding the same 

% quantity 
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" quantity to both its terms." Let a + b : a represent a ratio 
of greater inequality , and let x be added to each of its terms, 
and it becomes the ratio of. a + b + x: a + x. Now the ratio 

of a + b: a — , and that of a + ft x : a + -~-; let 


a 


a 4- x 


these fractions be reduced to others of same value having 

a common denominator, and they become — + ax + bx 

J a(a+x) 

and —^--— respectively; and since d 1 + ab + ax + bx 

a(a + j) 

is evidently greater than a 2 -f ab + nx, the ratio of a + b: a 
is greater than the ratio of a + b + r: a + x; i. e. the ratio 
of a + b : a has been diminished by adding x to each of its 
terms. Next, let a-i-b:u represent a ratio of lesser in- 


u- 


and 


a 


equality ; then proceeding with the fractions 

| \A> 

as in the former instance, the resulting frac- 

u 4 x 


.■ rr — ab + ax — , a—ab + ax 

lions are-—--- and 


and since 


a(a + x) a(a + x) 

a' —ab + ax—bx is less than a 2 —ab + ax, the ratio of 
a—b: a is less than the ratio of a—h + x : a + x, and conse¬ 
quently the ratio of a—bin has been increased by adding 
x to each of its terms. In the samc^ manner it might be 
shewn that “ a ratio of greater inequality is increased, and 
'* a ratio of lesser inequality is diminished , by subtracting 
“ the same quantity from each of its terms.” 


99. On the composition of Ratios. 

i. Ratios are compounded together by multiplying their 
Antecedents together for a new antecedent, and their con¬ 
sequents together for a new consequent. Thus, if the 
ratio of a : b be compounded with the ratio of c: d, the re¬ 
sulting ratio is that of a c: bd ; or if the ratios 4:3; 5:2; 
and 7:1, be compounded together, there results the ratio 
of 4 x 5 X 7 : 3 x 2 x 1, or of 140 : 6, or (dividing each term 
bv 2) of 70: 3. 


n. If 
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ir. If the same ratio be compounded with itself once, 
twice, thrice, &c\, the resulting- ratios are those of a a : b ; 
a 3 : b 3 j a 4 : b\ &c. &e. The ratio of a' : b 1 is called the du¬ 
plicate ratio of a : h ; a^Qb 3 the triplicate ; a 4 : h 4 the quadru¬ 
plicate ; &c. &c.; and as these ratios receive their denomi¬ 
nations from the indices of the several powers of « and h, 
the ratio of x/'a : \/b is called the subduplicate ratio of a\b\ 
the ratio of x/'a : \/b, the subtriplicate ; &c. &c. 

in. “ If a set of ratios, whereof the consequent of the 
“ preceding ratio is the same with the antecedent of the 
•' succeeding one, he compounded together, the resulting 
“ ratio is that of the first antecedent to the fast consequent." 
Thus, when the ratios of a : h ; L : c ; r:d; d:e; are com¬ 
pounded together, the resulting ratio is that of abed : bate, 
or (dividing by bed) that of a : r, or of the first antecedent 
: the last emsf quent ; and the same will be the ease what¬ 
ever he the number of ratios. 

iv . " A ratio of grader ineepndiiy compounded with 
“ another ratio, increases it ; and a ratio of lesser inequality 
“ compounded with another ratio, diminish* s it. Thus, 
let 1 + rt : I represent a ratio of greater inequality, and let 
it be compounded with the ratio a : b, the Resulting ratio 
is that of a + n a : b, which is evidently greater than the 
ratio of a : lj ; on the other hand, let 1 — n : l represent a 
ratio of lesser inequality, and let it be compounded with 
the ratio of a : b, then the resulting ratio is that of 
a — na: b, which is evidently less than the ratio of a : b. 

Examples. 

‘ Ex. L Reduce the ratio of 360 : 315, and 1595: 667, to 
their lowest terms. 

Ex. 2. Reduce the ratio of a 3 -f 2a*x : a to its lowest terms. 
Ex. 3. Which is the greatest, the ratio of 1G: 15, or that 
of 17:11? 

Ex. 4. Which is the least of the three ratios, 20: 17, 

22: IB, 
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22: 18, or 25:23 ? and which is the greatest of the three 
ratios, 8:7; 6:5; and 10: 9 ? 

Ex. 5. Which is the greatest, the ratio of a + 2:£a + 4, 
or that of a + 4 : ^ a 4- 5 ? 

Answer, The ratio of a + 4 : £ a + 5. 

Ex. 0. Compound together the ratios of 11 : 3, 7:2, and 
5 : 9. Answ. 385 : 54. 

Ex. 7. Compound together the ratios of • 15:12, 6:7, 
and 9:1; and then reduce the resulting ratio to its lowest 
terms. Answ. 135:56. 

Ex. 8. Express in the simplest terms the ratio com¬ 
pounded of p‘ — : o', a + ,r : b, and b : a — r. 

*A\svv. (a + x) : : a 2 . 

r - _ 

Ex. 9. If the ratios of x+y:a, x—y.b, and b 

a 

be compounded together, shew that the resulting ratio is 
a ratio of eguality. 

Ex. 10. If the ratios of 3 a + 2 : 6« + 1, and of 2</ + 3 : a+ 2, 
he compounded together, is the resulting ratio a ratio of 
yetatfr or lesser inequality? 

Avsw. A ratio of greater inequality. 

Ex. II. What art; the least numbers in the ratio com¬ 
pounded of the three following ratios fc viz. the ratio of 7 : 5. 
the duplicate ratio of 4 : 9, and the triplicate ratio of 3: 2 ? 

Answ. 14 and 15. 

Ex. 12. Compound the subduplicule ratio of ar: y 2 , with 
the (piudruplicate, ratio of *Jx: Jy. Answ. a*: y 3 . 

XXIX. 

On Proportion . 

100. The most useful Theorems relating to proportional 
quantities are the following. 

Tii. 1. “If four quantities be proportional, the product 
of the extremes will be equal to the product of the means;” 

for 
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n f* 

for let a: b :: c: d, then, by Art. 97, 7 = ad=hc. From 

b a 

hence also it follows, “that if any three terms of a proportion 

be known, the fourth may be foundfor, from the equation 

it i he ' ad od i , be 

aa=oc, we have a= * —; 0=— ; c—and d =—. 

a c o 

Tii. 2. The converse of the foregoing Theorem is also 
true; viz. “ If the product of any two quantities be equal to 
“ the product of two others, those four quantities will eon- 
“ stitute a proportion, provided that the terms of one pro- 
“ duct be made the means, and the terms of the other pro- 
“ duet be made the extremes , of such proportion.” TJius, 
if the four quantities //, b, c, d, be such that (hl—bc , then 

(dividing by bd) C ~ ; .*. by Art. 97, u:b::c:d . 

Tii. 3. “ If tliree quantities be proportional, the pro- 
“ duct of the two extremes is equal to the square of the 
“ mean for, if a : b :: b : c, then by Tiikor. 1, uc—b'. 
From hence also it follows, that “a mean proportional 
between any two quantities is equal to the square; root oi 
their productfor let x be a mean proportional between 
a and c, then a:x::x:c, a 2 =a e, and x=\/av. 

Tii. 4. “ If four quantities be proportional, they will alsc 
be proportional when taken inversely or alternately thus 

if a:b::c:d, then 7 = -. divert the fractions, then - = - 

b d 

b:a::d:c. Again, since ad=bc, then (dividing byc</ 

v ad be ad 11 

we have —=—or - = - ; .*. a : c :: b : d. 

cd cd c d 

Tii. 5. “ If there be six proportional quantities, and the 
“ first be to the second as the third to the fourth; and the 
“ third to the fourth as the fifth to the sixth; then will the 
“ first be to the second as the fifth to the sixth.” For lei 

a: l 



PR0PC RTION. 


1J9 


a:b::c:d, and c:d::e:f; then ?=- : and - =-; 

6 d d f b f 

or by Art. 97, a: b::e:f. 

Th. 6. “ If four (luantities be proportional, then the sum 
“ or difference of the first and second will be to the second as 
“ the sum or difference of the third and fourth is to the fourth.'" 


For let a : b :: c : d, then n r — C - ; add or subtract 1 from 

6 a 

each side of the equation; then 1 = -,± 1, , 

< b d b d 

consequently, by Art. 97, a±b: b::c±d:d. 

Tii. 7. “ If four quantities be proportional, the first is to 
“ the sum or difference of the first and second, as the third 
“ to the sum or difference of the third and fourth. 1 ' For by 
Tutor. 6 , a±b : b :: c±d : d , and alternately b-: c±d 
:: b: d but by Tutor. 4, b : d:: a : c; hence, bj^riiEOR. 5, 
a ± b : c± d :: a : c, and alternately a±6:a::c±cf:c; 
.‘. hirer sell/, a : a±b :: c : c±d. 


Tii. 8. “ If four quantities be proportional, then the sum 
“ of tbe first and second is to their difference, as the sum of 
“ the third and fourth is to their difference." For by 

Tutor. 0, ^ = — and — invert the two last 

b d b d 

fractions,then—^ =_; hence a ’\^ ) x -- = c _j!lf?x . 

a—b c—d b a-—b d c—d 

or -J = - ; .*. by Art. 97, a + b : a—b :: c + d : c—d. 

a—b c—d 


Tii. 9. “ If four quantities be proportional, and any equi- 
" multiples or equal parts whatever be taken of the first 
and second, and also of the third and fourth; then will 
“ the resulting quantities, taken in the same order, be still 
“ proportional." For let a : b :: c : d; then, by Case I, 
Art. 98, the ratio of ma : mb is the same with the ratio of 
a : b ; and for the same reason, the ratio of n c: n d is the same 
with the ratio of c :d ; hence (Art. 95) ma : mb :inc: nd, 

where 
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where m and n may be any quantities whatever, either 
integral or fractional . 

Tir. 10. The same theorem is true, “ if any equimultiples 
“ or equal parts whatever be taken of the first and third, 

" and also of the second and fourth for since - = - , mul- 

b d 

tiply each side of the equation by ~, then = r>lt , 

n n h n a 

ma: nb::mc: nd , where tn and n may be any quantities 
whatever, either integral or fractional. * 


Th. 11. 14 If four quantities be proportional, any poire is 
or roots of those quantities will also be proportional.” l’or 

since ^=-,, we have a =i—,.\a n :b n ::c n :d H , where n may 
b d h* d H 


be any^j^mber either integral or frne 


t ion ah 


Tn, 12. If the corresponding terms of two sets of pro- 
“ portionals be multiplied together, or divided by each 
M other, tlie resulting (piantities taken in order will still be 
“ proportional."' Thus, let 


<z: 6 :: c : tf'j then j~~ J 


and 


hence — ==-/- or ar : hf: : eq :jlh . 

r i ( i e g j hf dh 

e:f::g : h J and -=d\ 

Again, by Tn. 1, ad = h c, and eh—fg\ r, ~ = ; lienee, 

‘ eft f if 

by Th. 2, The same-will evidently be true of 

e f (J n 

any number of proportions. 


Th. 13. “ If there be two rows of proportional quantities, 
" whereof the second and fourth of the first row are the 
“ same with the first and third of the second row, then will 
** the remaining quantities,taken in order, be proportional 
thus, let a: h :: c: d, 

and b : v :: d :f\ then, by Theor. 12, ah: be :: cd: df 
or (reducing each ratio to its lowest terms) a : e :: c : f 

Th. 14. 
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Th. 14. “ If there be a set of proportional quantities, 

“ a:b :: c : d :: e:f:: g: h &c. &c., then will the first be 
“ to the second as the sum of all the antecedents to the sum 
" of all the consequents '’ 

For, since ab=f=ba, and (by Theor*. 1 & 5) ac?=fec, af=be, 
nh — hg, &e. we have ah + ad + af+ ah + &e. = 6 a + bc + be 
+ bg + &e., or a (b + d+f +li + &c.) = 6 (« + c+ + <7 + &e.) 
.•.(byTnEOR.2.)<7 : b : : a +c+e + y+ &c.: 6 + /t + &c. 

Th. 15. “ If a : 6 :: b : c :: c : d :: d: e &c. as in Art. 96. 
“ then a : c :: a ’: 6 J , or in the duplicate ratio of a: 6; 

“ a : d:: a 3 : b*1 or in the triplicate ratio of a : b; 

" a : e :: a*: b* t or in the quadruplicate ratio of a: b 
&c. &e. &c. &c.- 

For a : 6 : : a : 6; 
and b : c :: a : b; 

.*. by Theor. 12, a : c : : a~: b % . 

Again, a : c :: a 7 : b* ; 
but c : d :: a : b ; 

.*. by Tiikor. 12, a : d : : a 1 : b 3 ; 

Moreover, « : d :: a - *: ; 

but d : e :: a : b ; 
by Theor. 12, a : e : : a 4 : 6 4 . 

&c # . &c. &c. &c. 

101. The following Examples are intended to illustrate 
the use of the foregoing Theorems. 

Example I. 

To divide the number 60 into two such parts, that the 
product shall be to the sum of the squares :: 2 : 5. 

R 


Let 
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Let x*=one part; 

then 60—x=the other part, 

(60 — i) X ar=60x—x*=the -product , 

and x a + (60—^y=2:r 3 -f 3600 — 120x=jmm of the squares. 

Hence, by the question, 60 x — x 1 : 2s? -f 3600.— 1 20x : : 2 : 5; 

by Theor. X, (60x—a 2 ) x 5=(2a: 2 + 3600— 120a:) x 2 , 

or 300a:— 5a: 2 —4a; ! + 7200 — 240a:; 

by transposition & division, x i —60x= — 800; 

a: 1 —60x + 900=900 — 800= 100, 

and x— 30= ± 10 ; 

or ar=30± 10 = 40 or 20, the 
* 

[parts required. 

Ex. 2. 

The number 20 is divided into*two parts, which are to 
each other in the duplicate ratio of 3 : 1. Find a mean 
proportioMl between those parts. 

Let x^yreater part, 
then 20— x = lesser part; 

.*. by the question, x : 20— x ;: 3 : l l :: 9 : 1. 

Hence, by Theor. 1, x=180 —9a, 
or I0a= 180 ; 
x= 18 —greater part, 
and 20 — a = 20—18 = 2 =lesser part. 

By Theor. 3, a mean proportioned between 18 and 2^s 
equal to */l8 x *2=*/36=6, the number required. 

Ex. 3. 

If(r:-f;r)*:(a— xjr. x + y: x—y, shew that a : x :: J2a — y : *Jy. 
By expansion, a 5 + 2ai + i s : a 2 —2 ax + x*:i a + y : x—y. 
By Theor. 8, 2a 2 +2a l : 4 ax :: 2a:: 2 y. 

Divide by 2, then a 2 + x l : 2 ax :: x : y ; 

.'. by Tiieor. 1, (a' + x 7 ) x y = 2ax x x=2a x x\ 

Hence, by Theor. 2, a 2 + x* : x* :: 2 a : y. 

By Theor. 6, a 7 : x 2 :: 2a— y : y ; 

and by Theor. 11, (n being a: x :: J 2 a—y : */y. 


Erf 4. 
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Ex. 4. 

If x : y in the triplicate ratio of a : b, and a : b :: v^c + x 
: \/d + y, shew that dx=cy. 

Since x : y :: a* : b 3 , 
and by Theor. 11, g 3 : 6 3 :: c + x : d + y ; 

.*. by Tiieor. 5, x : y :: c + x : d + y, 
or c+x :d + y: : x : y, 
and by Theor. 4, c + X: x ■ :: d + y: y, 

.*. by Tiieor. 6, c : x :: d iy\ 
and by Tiieor. 1, dx—cy. 

Ex. 5. * 

There are two numbers whose product is 24, and the 
difference of their cubes : cube of. their difference :: 19 : 1. 
What are the numbers ? 

Let x—greater number, 
and y = lesser number. 

Then, by the question, xy— 24, 
and x 3 — y 3 : (a:— yj : *. 1 9: 1. 

By expansion ,! 3 — if : x 3 —3x 2 ;/ -J- 3xy 2 — y* ov{x —y) 3 :: 19: 1. 
By Theor. 6, 3x y— 3 x if : (x~yj:: 18:1, 
or 3xy x (z—y): (x—iff :: 18: 1. 

Divide by x—y, then 3 xy : (x— yf :: 18: 1; 
but xy= 2 4; .*. 72: (x—yf ;: 18 ; 1. 

HeEce, by Theor. 1, 18 x(x—yf= 72, 

or (x—y)* = 4 ; 

.*. x —y=2. 

Again, x 1 —2xy+ y 2 = 4, 
and Axy =96. 


•'.#*+ 2xy+y 2 = 100, 


or x + y = 
but x—y= 




Ex. 6. 
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Ex. 6. To divide the number 24 into two such parts, 
that their product shall be to the sum of their squares :: 3:10. 

Answer, 18 and 8. 

Ex. 7. There are two numbers which are to each other 
as 3 : 2. If 6 be added to the greater, and subtracted from 
the lesser, the sum will be to the remainder :: 3: 1. What 
are the numbers? Answ. 24 and 10. 

Ex. 8. There are two numbers which are to each other 
ill the duplicate ratio of -l : 3, and 24 is a mean proportional 
between them. What are the numbers ? Answ. 32 ^nd 18. 

Ex. 9. If <l ~ T =4 a ; shew that a + j:2a::2h: a—x. 


Ex. 10. If x 2 : y 1 :: 36 : 25, and 2x + y : a + 2 in a ratio 
compounded of the ratios of 17 : 2 and 2:7; What are 
the numbers ? Answ. 12 and 10. 

Ex. 11. There are two numbers whose product is 135, 
and the difference of their squares is to the square of their 
tifference :: 4 : 1. What are the numbers? 

Answ. 16 and 9. 


XXX. 

On t ariafiun. 

102. If the quantities under consideration be of a w- 
able, nature, then their relation to each other may be ex¬ 
pressed in the following manner. 

t. Let A and B be two variable quantities so related to 
each other, that whilst the value of A is changed to o, the 
value of B is changed to h ; then, if these two quantities 
A and B always bear the same ratio to each other, i. if 
A: B :t a-J> (or, by Theor. 4. of Proportion, A : a :: £: h) 
throughout the whole period of their variation, they are 
said to vary directly as each other. 

Exam. Suppose a body to mpve uniformly along, at the 

rate 
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rate of 3 feet in one second of time; then in the first 
second it would describe 3 feet, in two seconds 6 feet, in 
three seconds 9 feet, &c. &e.; hence, whilst the time varies 
through 1, 2, 3, 4, &c. seconds, the space varies through 
3, 6, 9, 12, &c. feet; but the numbers 3, G, 9, &c. are re¬ 
spectively in the same ratio with the numbers 1, 2, 3, &c. 
When a body moves uniformly, therefore, “the space varies 
directly as the time.' 1 

ir. If the relation between A and B be such, that whilst 
A by increasing is changed to a, and B by decreasing is 

changedto b, in such manner, that A:a::~:~ (or) ::b:B 

B b 

throughout the whole period of their variation, then A is 
said to vary inversely as B .' 

Exam. The area of a triangle is equal to half the rect¬ 
angle contained by its base and perpendicular altitude; if, 
therefore, the form of the triangle be changed whilst its 
area remains the same, it is evident that as its altitude 
increases its base must decrease. Let A and B repre¬ 
sent its altitude and base at one period of its variation, 
and a and b its altitude and base at any other period, 

then --=~— or Ax. B—a xb, (by Tii. 2. Proj> n .) 

A: or .: b : B:: : i , i. e. “ the altitude of a triangle whose 

area is given varies inversely as its base, and vice versa.” 

iii. Inhere be three variable quantities A , B, C, whose 
relation to each other is such, that whilst B is changed to 6, 
and C to c, A is changed ip the compound ratio of the 
change of B and (7; i. e. if A: a in the ratio compounded of 
the ratios of B: b and C : c, or (Art. 99,1.), A: a:: BC’.bc, 
then A is said to vary as B and C conjointly. % 

Exam. Let A represent the area, B the base, and C the 
perpendicular altitude of a triangle; and when these are 
changed, let a represent the area, b the base, and c the 

altitude 
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BC 

altitude at any period of their variation; then A=~-~ 

and a——, A: a:: ~:: BC : bc t or “ the area of a 

2 2 2 

14 triangle varies as its base and perpendicular altitude 
“ conjointly." 

rv. If the relation between the three quantities A, B, C be 
such, that when A is changed to a, B to b, and C to c, B : b 

in the ratio compounded of the ratios of A: a and ~: -, or 

C C 


(Art 99. 1.) B : b :: ~ : -, then B is said to vary directly 

L C 

as A, and inversely as C. 

r 

Exam. Let A, B, C, a, b, c represent the same quantities 

]j(' 2 i 

as in the last Example, then since A=—~~, B = -~ r ; and 

he , 2 a tt n i 2 A 2a A a ■ 

since a= — , 6=— Hence B : b :: —- : — i.e. 

2 c ( c ( c 

“ the base will vary ns the area directly, and as the per¬ 
pendicular altitude inversely." 

103. These several relations of variable quantities are 
often more briefly expressed by placing the mark oc be¬ 
tween them; thus, 

A: a:: B:b, or “A varies as B," is expressed by AocB. 

A:a::^:\, or “ A varies inversely as B" by . . ^oeJL 
B b * B 

A : a :: BC : be, or “ A varies as B 8c Cconjointly , ” by^oc BC. 

"f VariCS , “ ^'1 by. . Bocd 

Cct and inversely as G ... * C 

This notation is made use of in the following Theorems. 

Th. 1. “If one quantity varies as another, it will also vary 

“ as any multiple or part of the other, and any power #r root 

. “ of the former will vary as the same power or root of the 

latter.” Thus, let AocB, then A: a :: B : b; multiply the 

terms of last ratio by m, then (Art. 98, 1.) A : a :: mB : mb, 

(Art 
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(Art. 102, I.) AocmB , where m may be any number 
either integral or fractional. Again, since A : a :: B : b, (by 
Th. 11 of Proportion,) A n : a":: B H : b n ; /. A" ac i?*, where 
n may be any number whatever, integral or fractional 
Th. 2. “ If one quantity varies as another, and each of 
“ them be multiplied or divided by any quantity variable or 
“ invariable, then will the products or quotients, thus arising, 
“ vary as each other.” Thus, let Aoc B, then A:a::B:b ; 
let m be an invariable quantity, and multiply all the terms of 
the proportion by it, then mA:ma::mB:mb, .*. mAocmB. 
Let C be a variable quantity, then we have 


A-.ai'.B-.b'i . byTlI 12 ( AC:ac :: BC: be , or ACoc.BC; 

r . . i Prop"* s ^ nd n 

CiCiiCscj J A a B 

( C * c * ’ C 

Cor. 1. From hence it follows, that “if one quantity 

“ varies as two others jointly, then either of those quanti- 

“ ties varies as the first directly and the other inversely. 


b ^ A B 
-, or — oc_. 

c C C 




Thus let Aoc.BC t then, dividing each by C, B cx^or 

0 

“ as A directly and C inverselydivide by B , then Coc~ or 

B 


“as A direc|ly and B inversely.” 

Cor. 2. If the product of two quantities be invariable, 
then those quantities vary inversely as each other.” For 

let A x JB=77i, then A=*=^ which varies as —, and B=~ 


which varies as 



m being a constant quantity. 


Th. 3. “ If one quantity varies as a second, and the 
“ secon<| as a third, then will the first quantity vary as the 
“ third.” For let AzcB, then A : a :: B Lb ; and let BocC, 
then B : b :: C : c ; /.by Th. 5. of Prop". A : a :: C: c; 
hence AocC. . 


Th. 4. “ If any two quantities vary as a third, then will 
* “ their 
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« their sum or difference or the square root 6f their product 
« vary as the third.” Thus let AocC and B ocC, then, by 
Th. 3, AocB ; .-. A : a :: B : h or M : B :: a : 6; and, by 
Th. 6 of Proportion, A± B : B :: a± b : b or A± B : a± b 
:: B : b ; but since BocC, B : 6:: C: c, hence A± B: a±b 
:: C i c, or A± BocC. 

Again, since 

A : a i : C: c > by Th. 12 of Prop”. AB: ab :: C*: c\ 
and B: 6:: C: c) and, Th. 11 of Prop”. JAB : Jab :: C : c. 

Hence JAB oc C. 

Th.’ 5. “ If the square of the sum of two quantities varies 
11 as the square of their difference, then the sum of their 
“'squares varies as their product." For let (A+BJoc (A—By, 
then (A+B)': (a + 6) 1 '.(A—Bf: (a-bf, 
or (A+B) 3 :(A-By:; (* + &)’ :(«-6)\ 

By Expansion, and) 2 A 1 A- 2B* : 4 AB:: 2« s + 26 ": 4a6, 
by Th. 8 of Prop”. I or A* + B 3 :2 A B :: a 9 +6* :2ub\ 

4 A* + B 2 :a 2 + b ‘:: 2AB: 2ab:i ABiah. 

Hence A 2 + B* oc A B, 

Th/ 6. “If there be two sets of quantities, A , B, C, D, 
" &c. and P, Q, R, S, &c. which vary as each other re- 
“ spectively, viz. A oc P, B oc Q, &c., then will the products 
“ of those quantities vary as each other.” Folr, let a, b, c, 
&c. p, q , r, &c. be corresponding values of A, B, C, Sec. 
P, Q, R, & c. then, since Aoc P, A: a:: P :p 

. . . BocQ^B:6 i: Qiq 
'* ■ ... C oc J?, C; c :: /? : r 

&c. &c. 

By Theor. 12 of Proportion, 

ABC &c.: abc 8tc.:: PQR &q.: pgr &c. 

Hence ABC &c.cc PQR & c. . 

Th. 7. ,4 If any quantity ^4 depends upon a set of quanti¬ 
ties, P, Q, R,S, in such a manner, tliat if Q, S are con- 

“ stant, 
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“ stant, AoeP; if F, 72, £ are constant, AocQ; &c. &c. 
“ then if they all vary, A will vary as their product 
For let A be change 

to arjby the variation of P to p, the rest being constant, 

from x to y of Q to q . 

from y to z .of 72 to r. 

from z to a .of £ to s . .. 

then, when all vary, we have A: x::P:p~\ Hence, by com- 

x:y;:Q:q( position of ratios, 
y:z::R:rCA ; a :: P Q R S 
z:a::S:s ) : pqts ox A oc 

PQRS ; and the Theorem would evidently be true, what¬ 
ever be the number of quantities P, Q, R, S, &c. 

Th. 8. “ If one quantity varies as another, it is equhl to 
44 that quantity multiplied into some constant quantity; and 
41 the value of this constant quantity will be known, if the 
“ actual relation between the two variable quantities at 
“some given period of their increase or decrease be 
“ known.” For let AocB, then A : a :: B: b, or A: B :: a: b, 
i. e. the ratio of A : B is always the same through the whole 
period of their variation; let this ratio be that of m: 1, 

then A:B::m: 1, and A=mB, or If therefore 

the corresponding values of A and B at any period of 
their variation be known, the value of m will be known. 

Exam. The space described by a body descending per¬ 
pendicularly near the surface of the Earth varies the 
square of the time; let the spacers, the corresponding 
time=T, then by this Theorem S—mT*; now it is known 
by experiment, that a body falls through a space of about 
16 feet in the first second of its fall; hence, when £=16, 
T— 1, ra= 16, and the general relation between the 
space and time of a body thus falling is £=167’'. 

Cor. Since ~~ni, it follows, “ that if one quantity 

“ varies jp another, the fraction arising from dividing the 
“ one quantity by the other, is a constant quantity." 

-S 
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CHAP. VII. 

ON ARITHMETICAL AM) fl?ROMRTRICAL 
PROGRESSION.* 


XXXI. 

Dr.FIXITlONS. 


104. If a series of quantities increase or decrease by 
the continual addition or subtraction of the same quantity, 
then those quantities are said to be in Arithmetical Pro¬ 
gression. Thus the numbers l, 2, 3, -1, ;>, 6, &c. (which in¬ 
crease bv the addition of 1 to each successive term), and 
« * * 

the numbers 21, 19, 17, 15, 13, 11, &c. (which decrease by 
the subtraction of 2 from each successive term), are in 
arithmetical progression. 

10o. In general, if a represents the first term of any 
arithmetical progression, and 6 the common difference , tin n 
may the series itself be expressed by a, a + b, u + 2h, 
n + 3 b, a + 1 b, ike., which will evidently be an increasing 
or a decreasing one, according as h is posit ice or nn/atin. 
In the foregoing serif's, the coefficient of b in the second 
term is one; in the third term is tun; in the fourth is 
three, &e.; i. c. the coefficient of b in any term is always 
less by unify than the number which denotes the place of 
that term in the scries. Hence, if the number of terms in 
the series be denoted by (n), the nth or last term in the 
progression will be a + (a — 1 )b. 

106. If a series of quantities increase or decrease by 
continual multiplication or division by the same quantity, 
then those quantities are said to be in Geometrical "Pro¬ 
gression. Tlius the numbers 1,2, 4, 8, 16, ike. (which in¬ 
crease by continual multiplication by 2), and the numbers 

1, i, i, —, tkc. (which decrease by continual division by 3, 
3 9 27 

or multiplication by 


1^, are in Geometrical Progression. 
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• 107. In general, if a represents the first -terfn of such a 
series, and r the common multiple or ratio, then may the 
series itself he represented bfn, ar, aP, ar 3 , ar\ &e. which 
will evidently be an increasing or decreasing series, ac¬ 
cording as r is a whole number or a proper fraction. In 
the foregoing series, the in dor of r in any ternijs less by 
unity than the number which denotes the place of that term 
in the series. Hence, if the number of terms in the series 
be denoted by (»), the fast term will be ar n ~'. 

XXXII. 


On Arithmetical Progression. 

! 08. I ,et S be the sum of the series a,a + b,a+ 2 b , a + 3 b, 

&c.; then ; 

n 4 (a t b) 4* (a -4 2 h), 4 (fl + («—2)i) + — l)fc)= r S' 

and [a 4- (n — 1)/^ i-1 a 4 («— 2)^ f fa 4 (n —.t) ... 4 {a l-h) + a — S 

where the lower series is the same as the upper one, except 
that the order of the terms is inverted. 

Add the two series together, and we have, 

('la 4 (« — !)/>) 4(2« 4 (n— l)/') 4 (fa 4 (« — l)fc)4 £.c. to n terms=2S, 
or (iu 4 (a —]}£)« = 2.?; S=^2a4 (it — # 

Sd 

109. From the equation (y2u + (» — l)/^.?j=2/S, it ap¬ 
pears, that if any three of the four quantities a, b, n, S are 
gFcn, the fourth may be found. For we have, 


I . l>y Art. 108.•. S=(^a+(n~\)b^. 

II . 13\ actual multiplication, 2an-\-bn-bn=2S\ 

.'. 2nn—2S—bri‘ + bn, 

ami a= 2 - S - bn '' +h ' n . 

2 n 


( R ) Sinee the sum of any two terms—(a |-a4(»—l)^)~8um of fist 
and ins! term, and since «S—(2<r 4(«“l)/^ i ', it appears that the sum of 

Ihe series is cijnal to I hr s vm •/ '.hr first and lust terms (or if my two terms 
equal 0 j distant ft0111 the fuu and lust terms), multiplied into half thr number 
>■/ ter,us. 






132 


ARITHMETICAL PROGRESSION. 


in.•.Again, bn^-bn—2-S — 2 an, 

or («*— n)b—2$ —2«n; 
• . , 2S — 2an 


n‘ — n 


iv. To find n, we have, ) 
by transposition, ) 


bv l + 2 aw — bn — 2 S. 


or 6n s + (2a—b)n — 2S ; 

» 2 a—b 2S 

n'H---7? = - . 

ft b 

Solve this quadratic equation, and it gives the value of n. 

Example 1. 

Find the sum of the series 1,3, 5, 7. o, 11, ike, continued 
to 120 terms. 

Here a=l, i . , , ,m.\» 


La'. I + 

?i= 120 ; j =^2x 1+(120-1) 


7i= 120 ; j =^2x 1 +(120—1)2)—-. 

=^2 -I- 119 X 2^60 = 2 10 x 60= 1 1400. 
Ex. 2. 

Find the sum of the series 1 5, 11. 7, 3, — 1, —5, &c. to 
2t> terms. 

Here L-H' .s-(* o+ ( *- , ) 4 ) 5 - 

r,= 20 ;J =^2 x 15 + (20—I) x — l) 2 J\ 

=(30—19 X4)x 10. 

=(30 — 76) X 10 = — 46 X 10 = —460. 


Ex. 3. 


Find the sum of 150 terms of the series 2 , 1, -, 2, &c. 

3 3 3 3 3 

Here <i=l, ).. S—^2a + ( 7 ? —l)£>)- . 

h= i’ ( =( 2 *5 +(l50 ~ 1)x r<)ir' . 

n= 150 ; 


-<* + l«)7S-!* 1 . 
'3 3 / 3 


X 7 5 = 3775. 
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Ex. 4. 

The sum of an arithmetic series is 1240, common difference 
-4, and number of terms 20. What is the first term f 

Here 6'=1240,^a= 2lS ' _A ” ! + 


6=1240,) a= -- 

, , ( 1&11 

} ’ (_ 2480+ 1600 — 

"'—20; ) -Tn- 


80 = = ‘t000 = i 00 

40 


Hence the series is 100, 96, 92, 88* &c. 

Exf 5. 

The sum of an arithmetic series is 1155, the first term 5, 
and the timber of terms 30. What is the common difference f 
it (i i . r r. \ 2 S 2 (i n 


Here S= 1155, j .•. 6 j 
a — 5, > 

ft = 30 ; J 


n~ — n 

2910 — 300_2610 _ ^ 

900 — 30 870 


Hence the series is 5, 8, 11, 14, &e. 

Ex. 6. 

The sum of an arithmetic series is 567, the first term 7. 

the common difference 2. What are the number of terms? 

Here £=567,} , 2a —b 2S • 

I rr +—-- n = —- 

o = 7, >66 

6 = 2, Jis/r + 6n =567; 

and n 2 + 6 a + 9 = 567 + 9=576 ; 
n + 3 =24,orw = 21. 


Ex. 7. 

How much ground does a person pass over in gathering 
up 200 stones placed in a straight line, at intervals of 
2 feet from each other; supposing that lie brings each 
stone singly to a basket standing at the distance of 20 
yards from the first stone, and that he starts from the 
spot where the basket stands ? 

It is evident that the space passed over by this person 
will be twice the sum of an arithmetic series, whose first 
term is 20 yards (i. e. 60 feet), common difference 2 feet, and 
numtjer of terms 200. 


Here 
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Here «=6(), 
b= 2 , 


n = 200; 


* 


<S'=(2a +(n —l)t)”. 

= (l20 + 398)l00. 

= 51S x 100 = 51800 feet. 


f*»t, miles, fnrlonji, fe«l, 

Hence the distance requited = 103600= 19 . 4 . 640. 


Ex. 8. 


A traveller bound to a place at the distance of 198 miles, 
goes 30 miles the first day, 28 the second, 26 the third, and so 
on. In how many days will he arrive at his journey's end? 
Here is giVen </ = 30, \ 

h— — 2, > to find the number of tPnns. 


S= 19S. 


Now n . n — — 

I) I) 


; >r — 2,1 n~ 


■) v I i|H 

—... - =-198, 


and /r — 31 n + = — 198 

• 4 

xj 31 _l Id 

Hence n — = ± • , 

2 2 


+ 961 = 169 

“~1 f ' 

, 81 ± 13 .. . _ 

and h= - = 22 or 9. 

2 


To explain the apparent difficulty arising from the two 
positive values of v, which give us tuo different pt rinds of 
the traveller's arrival at his journey's end, we must observe, 
that if the proposed series, 80, 28, 26, ike. be carried to 22 
terms, the 16 th term will be nothing, and the remaining six 
negative; by which is indicated the rest of the traveller on 
the 16*” day, and his return in the opposite direction during 
the six days following; and this will bring him again, at 
the end of the 22 d day, to the same point at which he was 
at the end of the 9 th , viz. 198 miles from the place whence 
he set out. 

Ex. 9. 

There are a certain number of quantities in’ arithmetic 
progression, whose common difference, is 2, and whose sum 
is equal to eight times their number ; moreover, if 13 be 
addeil to the second term, and this sum be divided by the 

number 
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number of firms, the quotient will be equal to the first term. 
What are the numbers V 

Let, t ha first let vi—x, i then the second term will be jt+ 2, 
end the number of terms=y,t . . . the hnt term.j? + (y—l)x2. 

In the expression (w— 1)6^", substitute j for a, 2 for b, 

* 

and y for n, and it becomes ^2 :i + (y — 1) 2 )^(== T l J + ?/'— //), 
for tlie sum of the series. 


By the question, ,» y + //' — // = 8 y, or // = 9 —r, 

, ,i + 2 + 1 3 # 

and- = 7 . 


, + 2 + l n 

lienee,- —- = o or r~ 8? =--15, 

9 - i 

r — S.i + 16 = 16 — i:>= l, 

and x— 1 — ± J ; .a. = 5 or 3, 

• . 

= 4 or 6. 

f rom winch it appears, lhat there are fico sets of numbers 
which will answer the conditions required; viz. 5, 7, 9, 11, 
or 3. a. 7, 9, 11, 13. 


y=9-.i 


Kx. 10. Find the sum of 25 terms of the series. 

2, 5, S, 11, 14, &e. Answer, 950, 

Ex. 11. Find the sum of 36 terms of the series, 

10, 3S, 36, 34, &e. Answ. 1S^. 

Ex. J2. Find the sum of 32 terms of the series, 

1, F}, 2, 2Jr, 3, &e. A\sw. 2S0. 

Ex. 13. The sum of an arithmetic series is 950, the com¬ 
mon difference 3, and number of terms 25. What is the 

first term ? Answ. 2. 

Ex. 14. The sum of an arithmetic series is 165, the first 
term 3, and the number of terms 10. What is the common 
difference ? Answ. 3. 
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Ex. 15. The sum of an arithmetic series is 440, first 
term 3, and common difference 2. What is the number of 
terms? A\s\v. 20. 

Ex. 16 The sum of an arithmetic series is 54, first term 
14, and common difference —2. What is the number of 
terms? • A\s\v. 9, or 6. 

Ex. 17. A person bought 47 sheep, and gave 1 shilling 
for the first sheep, 3 for the second, 5 for the third, and so 
on. What did all the sheep cost him P Answ. £. J10. 9s. 

Ex. 18. A peTson began the year by giving away a 
farthing the first day, a halfpenny the second , three forth in ys 
the third, and so on. W hat money had he disposed of in 
charity at the end of the year? Answ. £.69.1 Is. 6 Id. 

Ex. 19. A travels uniformly at the rate of 6 miles an 
hour, and sets •(!’upon his journey 3 hours and 20 minutes 
before B \ B follows him at the rate of 5 miles the first 
hour, 6 the second, 7 the third, and so on. In how many 
hours will B overtake A? A\sw. In 8 hours. 

Ex. 20. There are a certain number of quantities in 
arithmetic progression, whose first term is 2, and whose 
sum is equal to 8.times their number ; if 7 be added to the 
third term, and that sum be divided by the number of 
te^ns, the quotient will be equal to the common difference. 
What are the numbers ? Answ. 2, 5, 8, 11, 14. 

XXXIII. 

On Geometrical Progression. 

110. Let S be the sum of the scries a, ar, ar, ar\ &e. 
(Art. 107), then 

a + ar + «r 2 + flr 5 +&c. . . . ar w_J +ar B “ 1 = &. 

Multiply the equation by r, and it becomes 

or + ar ! + «r' + &c. . . . aj*~ 2 + ar"~' + ar n =rS. 

Subtract 
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Subtract the upper equation from the*lower, and we have, 
ar n -a=rS*-S, or (r— *l)S=>ar n —a; 

and therefore, S= aT ~ ~ a . 

r — 1 

If r is a proper fraction, then r and its powers are less than 1. 
For the convenience of calculation, therefore, it is better 


in this ease to transform the equation into $=—-, by 

multiplying the numerator and denominator of the frae- 


.. ar —a , , 

tion - by — 1. 
r — 1 J 


111. If l be the last term of a series of this kind, then 
l—ar n ~\ rl=ar n \ hence S—( a ~ r -~ a \=^^. From 
this equation, therefore, if any. three of the four quantities 

■ y • 7" / ~ ~ (/ 

•S', a, r, l, be given, the fourth may be found. For S =-; 

*■’ * r— 1 

u=.rl—(r— 1)6'; r = a , and l =^. The va-, 

&— l r 

• ft- T ** ■— (_i 

lue of n cannot be found from the equation S =-—— 

r — 1 

except by means of Logarithms, as be shewn in a 
future chapter. 

.Example l. ^ 

Find the sum of tlie series 1, 3, 9, 27, &c. to^lSL terms. 


Here a— 1 


t , ar n —o 1 x 3 U ’— 1 


r—1 


r— ;; V r— 1 3-1 

n = 12 J _Bl 3 — 1 

2 

_ 531441 —1 ,53l440 = 9fif . 79n 
2 . 2 

Ex. 2. 

2 4 8 

Find the sum of ten terms of the series 1 + - + :; + ^> & c - 

3 9 27 


Here a= 1 

_2 

r 3 
n —10 


i-r?)” - 
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2 ,u __ 1024 
3l°“ 59049’ 
j__ 1024 __ 58025 
59049 59049 ’ 


and S 


3 X 58025 
59049 ' 


174075 
59049 * 


Ex. 3. Find the sum of 1, 2, 4, 8, 16, &e. to 14 terms. 

• . Answer, 16383. 


Ex. 4. 


1 1 
' 3’ ?)’ 27 ’ 


&e. to 8 terms. 


A\svv. 


3280 

2187 


XXXIV. 

On the method of finding any number of Arithmetic or 
> Geometric Means betueen^two numbers. 

9 

112. Let l be the last term of an arithmetic series, wlio.se 
first term is (a), common difference (/>), and number of terms 

(w); then /=o+(n— l)fr; .'. (n —1) b = l — o, or ! <l . 

n • - I 

Now r the number of intermediate terms between the first 
and the last is n — 2; let n — 2 = m, then n — l = m+ 1. 

Hence b = -——, which gives the following Rule for find- 

ing any number of arithmetic means between two num¬ 
bers ; “ Divide the difference of the two numbers by the given 
numt)er of means increased by unity , and the quotient will 
“ be the common difference .” Having the common diffe¬ 
rence, the means themselves will be known. 

113. Let l be the last term of a geometric series, then 

l=ar n ~\ and r"- , =:-, r=\/ The number of inter- 

a V a 

mediate terms as before is n—2; let n — 2=m, then 

• m+ V r 7 

n—1 = m + 1, and r—\f -, which gives the following rule 
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for finding any number of geometric means between two 
numbers; viz. “ Divide one number by the other, and take 
“ that root of the quotient which is denoted by m + 1 ; the 
“ result will be the common ratio." Having the common 
ratio , the means are found by common multiplication. 

Example 1. 

0 

Find six arithmetic means between 1 and 43. 

Here I = 43 4 

, I . » l—n 43—1 42 - 

U— 1 > - ■ b— =-=- r—6. 

\ w+I 6+1 7 

m— (» J 

By adding this common difference continually to the 
lesser number (1), we have 7, 13, ID, 25, 31, 37, for the six 
means required. 

Ex. 2. 

Find three geometric means between 2 and 32. 

Here a = 2) w+l _ t ‘ 

• (-M r6 = 2 - 


m — 3 1 

and tlie means required are 4, 8, 16. 

Ex. 3. 

16 

Find two geometric means between — and 2. 


liere„ = ^ [ r = V/ 

27 f V a V 16 V 8 2 

„ \ .•. the two means are - and -. 

m — 2 ) 9 3 

Ex. 4. Find seven arithmetic means between 3 and 59 

Answer, 10, 17, 24, 31, 38, 45, 52. 

Ex. 5. Find eight arithmetic means between 4 and 67. 
Ex. 6. Find nine arithmetic means between 9 and 109. 
Ex. 7. Find two geometric means between 4 and 256. 

Answ. 16 and 64. 

Ex. 8. Find three geometric means between i and 9. 


Answ/ -, 1, 3. 
3 
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114. Let a, a + b, a + 2 b, be three quantities in arithmetic 
progression, then the sum of the first and last =2« + 2 b— 
2 (a + b) ; a + behalf the sum of the first and last; hence 
“ an arithmetic mean between any two quantities is found, 
“ by taking half their sum." Again, let a, or, ar', be any 
three quantities in geometric progression, then the product 
of the first and last—aV =the sipiare of the mean term, 
from which it appears that “ a geometric mean between 
“ any two quantities is found by taking the square root 
u of their product From hence'also it appears, that 
an arithmetic mean between any two numbers is greater 
than a geometric mean ; for let the two numbers be a + x 
and a — x, then the arithmetic mean is a and the geometric 
is ^/a ^ —ar, which is evidently less than a. 

XXXV. 

On the Solution of Equations relating to Numbers in 
Arithmetical or Geometrical Progression. 

115. As the several terms of any arithmetic or geome¬ 
tric series may be expressed by means of tiro unknown 
quantities, it is not difficult to find the value of quantities 
of this kind, which shall bear such relations to eaeli other 
as may be determined by two equations ;^)f which the fol¬ 
lowing are Examples. 

Example 1. 

Find four numbers in arithmetical progression, such, 
that their sum shall be 56, and the sum of their squares 861. 
Let x=the second of these four numbers, 
and ?/=their common difference. 

Then 

(*) It may be proper here to observe, that quantities which are in geometric 
progression are also in continued proportion ; fur a: nr :: ar : ar ':: ar : : ar 1 :: 
Sec. The differences of quantities in geometric progression are also in con¬ 
tinued proportion; for the successive differences of the terms of the series 
on, ar+ar 1 ,ar y ,ar', Sec. are ar —«, ar'—ar, ar'—ar 2 , Sec. or ar—a, ( ar—a)r, 
(ar —tt)rV Sec. whicl^isa geometric progression whose first term is ar—a % 
and common ratio r. 
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Then the four numbers may be represented by x—y, 
x, t + y, x + 2 y. 

Hence, by the question, 

(x—y) + (fc + y) + (a: + 2y) =4:r +2?/ =56, 

and(T—y)* + x’ +(t+ yj + (* + 2yf=4x ! + 4ry + 6y ,,! =864. 
l ? rom 1st equation, 2x + y =28. 

Square this equation, then 4 x + 4 xy + if— 784 

but 4 t 2 4- 4 xy -f 6 y 2 =t>64 (JB). 


Subtract (A) from (B), and we have 5y'=80, 

or y =16, and y=4 ; 


28 — y_24 

2 ' 2 



Hence 8, 12, 16, 20 arc the four numbers required. 


Ex. 2. 

The sum of three numbers in arithmetic progression is 9, 
and the sum of their cubes is 153. What are the numbers ? 

Let x — y, x, x+y, be the numbers. 

Then (x—y) + x -f (x + y) =3 £ =9, 

(x—yf + 3 3 + (x + iff — 3 j 1 + 6 x y = 153. 


„ . 9 

brom 1 st equation, a=i=3; 

*. by substitution , in 2d equation, 81 + 18 if= 153 , * 

or 18 //= 153 — 81 = 72 ; 

?/=—= 4 ,&?/ = 2 . 

./ lg . .j 


Hence, the numbers are 1, 3, 5. 


Ex. 3. * * 

Find three numbers in geometric progression, such, 
that their sum shall be equal to 7, and the sum of their 
squares to 21. 

Let t, y, x, be the numbers. 

Then, by the question, x + y +.z = 7, 1st equation.) 

And x+ y 8 + z'=21, 2d equation. S 

By 
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By Note ( a ), Art. 114, x: y :: y : z ; y*= x z. 

From 1st equation, x + .?=7 — y. 

Square this equation, and x ! + 2 xz + ~ J = 49—14*/ + y' (,4); 

but 2rz = 2//'(ft). 

Subtract (ft) from (A), then r + ~' =49—11 y — if. 
But, from second equation, r 5 + - = 21—?/. 

# Hence, 49—14 y—y ''=21 — i/\ 

or 49 —14// = 21; 

14// = 49 — 21 =28. 


Again, since i + r = 7 — // = 7 — 2 = 5, 

we have 3 ,J +2j. + .:' i = 25 ; 

but 1 x z =1 6, f< >r ~ = //*; 
by subtractiou, r — 2 j - + s'= 25 -16 = 9, 

and a — r = 3. 


Hence, x + ~ = 5, ) /. 2x = S, or j= 1, 
x— r=3; ) 2~=2, or r = 1, 

and the three numbers art: 1, 2, 4. 

Kx. 4. 

The sum of four numbers in geometric progression is 30, 

and the%i.vf term divitfed by the sum of the mean terms is - ; 

3 

What are the numbers ? 

Let a?=first term, 

;/ = the common ratio ; j will be x, xy, x y\ r if. 

Hence,bytllfequestion,a+x/y+f // + x// 3 = 30, 1st equation,^ 

and — T - 

xy + xy 

From 1st 
equation 

From 2d) xy x y* 


S tlien the numbers themselves 
will be x, - 3 

y'+xy 3 - 

= ^, 2d equation, j 


\ lst l x x (1 + y + y + ?/ 3 )=30, or x=- -- 

ion,) v *' J ' 1 + // + if + //* 


U). 


_ 4 or _ 

equation, \xy x( 1 + y) 3* 1 + y 3 


V 


Am 


By 
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By reduction of 
equation (B) 


of) 0 „ 
j 3y = 4 + 4y, 


5 .44 
• V _ 3 y = 3’ 

■ w 2 _ 4 w + 4 _ 4 , 4 _ 16 
'• V 3 J ' + H-r i + 9-T’ 

andy-?=l; or // = 5 = 2 . 

Hence, from equation (A), x= — ^ — g 

V 1+2 + 4 + 8 15 

The four numbers arc therefore 2, 4, 8, IG. 

Ex. 5. 


There are three numbers in geometric progression, 
whose product is 64, and sum of their cubes 584 ; What are 
the numbers ? 

Let the numbers be x, xy, xy\ 

TJten, by the question, rx.iyxx y\ or x 3 y 3 = 64, 1st equation, 

and + x 3 if+ x 3 y®= 584, 2d equation. 


n , , , • , 64 -.6 4096 

rrom 1st equation, y = —, and y = — 


iv substitution, in 
2d equation, 

Hence, 

or 

Solve this equation by 
the Rule in Art. 84. 


, 4096 ro , 

x + 6 1 +—- :584. 


x c + 6 lx'+ 4096 = 584x\ 
x 6 —520.x 3 =—4096. 


| . . . and x 3 —8; or x=2. 


Now ?/ 3 = ^ = ^ = S; .-.?/ = 2. 


x 


8 


And the three numbers are 2,4, 8. 

* 

Ex. G. The sum of three numbers in arithmetic pro¬ 
gression is 15 ; and the sum of the squares of the two 
extremes is 58. What are the numbers ? Answer, 3, 5, 7. 


Ex. 7. There are four numbers in arithmetic progres¬ 
sion ; the sum of the two extremes is 8, and the product 
of the means is 15. What are the numbers ? 

Answ. 1, 3, 5, 7. 
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Ex. 8. There are four numbers in arithmetic progres¬ 
sion ; the sum of the squares of the two means is 2, and 
the sum -of the squares of the two extremes is 18. What 
are the numbers ? Ansvv. — 3 , —1,1, 3. 

Ex. 9. There are three numbers in geometric progres¬ 
sion, whose sum is 21, and sum of their squares 189. What 
are the numbers ? A \s\\\ ;i, f», 12. 

Ex. 10. * There are three numbers in g<" 'metric progres¬ 
sion ; the sum of the first and last is 52. aid the square: of the 
mean is 100. What are the numbers: \svv. 2 , 10 , 50. 

Ex. 11. There are three numbers in - <-metric progres¬ 
sion, whose sum is 31, and the sum of iln* Jtf'sl and last is 
26. What are the numbers ? \vsvv. 1, 5, 25.“*' 


XXXVI. 

On the Summation of an Infinite Series of Fractions in Geo¬ 
metric Progression ; ,and on the methyl of finding the 
value of Circulating Decimals. 

116. The general expression for the sum of a geometric 
series whose common ratio (r) is a fraction , is (Art. 110) 

ft 

S=— -Suppose now n to increase indefinitely , then r" 

1 —r • 

(r being a proper fraction) twill decrease indefinitely <b -; 

therefore ar m will decrease indefinitely with respect to a, 

or a will be the limit of a—or", and . a - . the limit of 

1 —r 1 —r 

or S; and consequently —— will express the value of the 

1 —r 

series when the number of its terms is supposed to be in¬ 
definitely increased, or (as it is commonly called) the sum 
of tte series ad infinitum. 


(*) Some curious Theorem* relating to numbers in Geometrical Progression 
will be found in w Elemena iTAlgebre, par PHuffler/* Vol. II.p. 177...203. 
Ed. 1812. A. great eariety of questions, both In Arithmetical and Geome¬ 
trical Progression, will also be found in Bland’s “ Algebraical Problems 


O Let r =±. fo,instance; then .’= 5 ^, i 

from which it is evident, that if there be no limit to the increase of the 


index «, there will be none to the decrease of the fraction r". 
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Example 1. 

Find the sum of the series 1 + 1+ i+ I, &c. ad infinitum. 

2 4 8 


Here a~ 1 
r 


J l •••*-!§ 

2 I 


2 -2 

l- r j_l 2—1 ** 


Ilf 

Find the value of + &c. cri infinitum . 

> 25 12 > 

Here o=i ! 


Ex. 2. 
l 


5 


r= 


l 

► __ _ I _ l 

] - i t 


E\ .i 

' l 1 . ! . 2 


Find the valu<- of - 1 - i- 1 + - + —+ tVc. ml infinitum. 

I 2 A q 97 ' 

I’ 


Here a — - 
4 


2 

3 


1 _? i -.8 18-8 4 

3 3 


Ex. 4. Find the value of 1 + - +■ - + — + &c. ad infinitum. 

3 9 27 J 

Answ. -. 


Ex. 5.- + 1 + - + — + &c. ad mfinilum. 

3 5 25 

Answ. 4^. 

I IT. These operations furnish us with an expeditious 
method of finding the value of circulating decimals , the 
numbers composing which are geometric progressions* 

whose common ratios are - —, &c. according to 

10 100 1000 b 

the number of factors contained in the repeating decimal. 

' U 
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Example 1. 

Find the ^ftlue of the circulating decimal .33333, &c 

This decimal is represented by the geometric series 

3 3 3 3 

-h-- -f &c. whose first term is —, and common 

10 100 1000 10 


ratio* 


10 


Hence a=- 


10 
1 

r 10 


5= — = 

1—r 


_3 

10 


3 


l — J 10—1 9 3 

* 10 


Ex. 2. 

Find the value of .32323232, &c. ad infinitwm- 


Here a 


32 


100 


1 . 


32 


— ( 
100 J 


S-- 


a 


l — r 


1 — 


100, _ 32 

1 


32 


100 — 1 99 


100 


Ex. 3. 

Find the value of .713333, &c. ad infinitum. 

The'series of fractions representing ♦he value of this 
decimal are 


71 


+ (geometric series)-+ 

100 & 1000 100,00 


3 + &c. = lL + ,S\ 


Here a- 


1000 


1 

T 10 


s > 


1000 


100 
3 


1 


1- 


1000—100 900 300 


10 


Hence the value of the decimal =/-^- + SY^- + —= 

V 100 /Too 300 

*107 


214 

100 ’ 300 300 


150 

Ex. 4. 

Find the value of .81343434, &c. ad infinitum. 


>* 


Here a= - 34 » 

{ 10000 


34 


r=* 


1 


.*. 5. 


a 


100 00. 


34 


34 


100 


1-r x __l_ 

100 


10000 — 100 990< 
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And the value of the decimal=JLL + -h =i^ 3 . 

100 100 9900 9900 

Ex. 5. Find the value of.77777, &c. ad infinitum . 

Answer, -. 

9 

Ex. 6.- Find the values of .232323 &c.; .83333 &c.; 

*7111411 &c.; and .956666 &c. ad infinitum,. 

* 23 5 707 - . 287 . , 

• Answ. ; —- ; and —- respectively. 
99 (> 990 300 r 


CHAP. VIII. 

ON SURDS. 

Surd Quantities have already been defined in Art. 55. and 
may be expressed either by the radical sign , or by their 
fractional indices (as in Art. 66.); thus the square rqyt qf 2, 
the cube root of 3, the nth root of a+ b, the cube root of 
(n+y)\ &c. &c. may be expressed either by */2, 4/3, 
Zla+b, ZJ(a + xf, &c. or by 2 J , 3®, (a + b)", (c + a)\ &c. 

The precise value of these quantities cannot be ascer¬ 
tained ; it can only be expressed by means of decimals or 
scries which do not terminate; and in this sense they are 
called irrational, to distinguish them from all other quanti¬ 
ties whatever, integral or fractional, whose values are deter¬ 
minate, and which are therefore denominated rational. 

XXXVII. 

On the Reduction of Surds. 

Case 1. 

118. A rational quantity may be reduced to the form of 
a surd, by raising it to the power denoted by the root of the* 
surd, and then annexing the radical sign. 
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Example 1. 

Reduce 3 to the form of the square toot and it becomes 
-s/3 1 or a/9. 

* Ex. 2. 


2 


3/2* 3/8 


V 


TTT or 


Reduce -. cube root : . . 

3 

Ex. 3. 

Reduce a + b . . . square root .... */(«+ of. 

Ex. 4. 

Reduce 46*. . . . cube root .i/646*. 


V *27 


Case II. 

119. Surds of different indices are reduced to equivalent 
ones having the same radical sign, by bringing their frac¬ 
tional indices to a common denominator. 

Ex. 1. Reduce a* and a* to giirds of the same radical sign. 

The fractions i, and reduced to a common denominator. 

5 2 2 3 

are - Und f; 

6 « 

* Ql=a%=xlja a , ) which are surds with the same 
and£/a*;) radical sign. 

3 i 

Ex. 2. Reduce 3 5 and 5 9 to surds of the same radical 

sign. The fractions - and reduced to a common deno- 

2 

6 6 

Now 3$=i/3 4 =i/81 ; and 5?= i/5 3 =5/125? 

Ex. 3. Reduce a 3 and b* 1 ( Ans, -s/a 5 and u Jb\ 

3 , I lo Surd* I 

Ex. 4. c* and d* l t|ia I . . . -i/c 3 and jd\. 

Ex. 5. 3^2&2\/5 [ r£Zi j . • . 3j/4 & 25/125. 

Ex. a ... 4* and 15* j ( . . . i/266 & i/3376. 

Case 
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120. Surds are reduced• to, their simplest form, by ob¬ 
serving whether the quantity under the radical sign contains, 
as a factor, a power corresponding to the given surd root 
and then extracting the root ., 

i 

Examples. 

Ex. 1. «/a l 6=-s/a 2 x*/6=a-s/6. 

Ex. 2. m J a m x= m Ja m x 'llx=all*. 

Ex. 3. -s/72 —J 36 X 2 = 736 x-s/2 = 6-s/2. 

Ex. 4. if 108 =4/27 x4 = t/27 x ^4 = 3^4. 

Ex. 5. -^2aV + a 6 Ac=j->/a a (26* + a'6c). 

= i/a 3 x ZTzbf + afbc. 

= a,ZJ2b l + a~b c. 

Ex. 6. Reduce -s/a 4 6e &N/98aV) ✓ A\s W6c & 7 a -s/2 r. 

Ex. 7. V a*+u,*b* / ‘to their V . . ai/7+6T 

Ex. 8.V56 and *J 72 ( form. j. . . 2^14 and 2 i/9. 


Ex. 9. .... *J 243 and i/96 


3 i/3 and 2 i/3. 


The quantity without the radical sign is called the co¬ 
efficient of the surd; and it is evident, that this quantity 
may always be put under the radical sign, by raising it to 
the power denoted by the index of the surd. 

Thus, 7 a -s/2 a ss (by Case I.) J 7 a x 7a x -s/2 x. 

= -s/49a' X \/2 35=-s/9Sf/ 2 ,r. 

Also; x J 2a—x = Jx : x *12a—x. 

= J x T {2 a —j) == J 2 a i'—x a . 


Case IV. 

121. If the quantity-under the radical sign be a fraction, 
it may be reduced to an integral form by the following 
process. 

Multiply the numerator and denominator of the fraction 
by such a quantity, as will make the denominator a complete 
power, corresponding to the root / and then proceed cts in 
Case III. 
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Ex. 1. 


Ex. 2. 


Ex. 3. 


Reduce 
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SVi-iVV- 

- aVp ^ 


= f;x?xV6=^./& 

a o bd 

3 23 /2x7 

- X \ . -=_X V/ —— - 

4 V 7 4 V 7X7 


=?v/ 


”|v 


49 

X 

49 


x^U. 


= - x i X'v/l4 = -^-v / ll. 
4 7 28 
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XXXVIII. 

On the application of the Fundamental Rules of Arithmetic 
* to Surd Quantities . 

122. On the Addition and Subtraction of Surds. 

Rule. —Reduce them to their simplest form; and if the 
surd part be the same in both , then their sum or difference 
will be found by iukimj the sum or difference of their co¬ 
efficients. • 

* Example 1. 

Find the sum and difference of s/l6a*x and a 2 x. 

By Art. 120, s/l6arx—ias/x, 

and v 4a*x=*2as/x; / 

.*. the sum=*4.as/x + 2tzVx=(4a+ 2a) x s/x—6as/x. 
the differences^ as/ x --2a*/x={4a—2a) X\6:=2 as/x. 

Ex. 2. 

Find the sum and difference of 1} 19^ and *J 24. 

By Art. 120, ^192=2/64 x 3=z4®/3, 
and 2/24=2/ 97‘3 = 2j/3; 

Ill92± ^24 = (4±2)^3 = 6^3or 2^3. 


Ex. 3. 


Find the sum and difference of y/ and y/ # 

The two fractions — and reduced to a common det}o- 

27 6 


* 48 27 

minator, are -— and- 

162 162 


VfeMVi- 

and sj sHtHn/I - 
Hence v / ^ ± v / Hi ± §)\/ hW l~ or sVf 
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* If the surd part be not the same in the quantities to be 
added or subtracted from each other, it is evident that 
such addition or subtraction can* only be performed by 
placing the signs + or — between them. 


Ex. 4. 

Add a/ 27 a 1 ® and s/3 a*®,together 

. A n«w. 4 a* s/3®. 

Ex. 5. 

. . . s/128 and s/72. 

.14 s/2. 

Ex. 6 . 

. . . 1/135 and 1/40. 

.5 1/5. 

Ex. 7. 

Subtract 3y/^ from 4y/ ? . 

. 

Ex. 8. 

.1/108 from 9 1/4 ... 

.6 1/4. 


123. On the Multiplication and Division of Surds. 

Rule.— Reduce them, if necessary, to equivalent ones with 
the same index, and then multiply or divide both the rational 
and irrational parts respectively . 

^ Example 1. 

Multiply -s/a by lib, or a* by b\ 

The fractions - and - , reduced to common denominators , 
2 3 

3 , 2 

are -, and - ; 

6 6 

.*. a*=a^=!/a 3 ; and &i=fcl=i= y6\ 
Hence -s/ax *Jb=. l/a* x 1/6*= 6 Ja*b\ 

Ex, 2. 

Multiply 5s/ 5 by 3s/8. 

5s/5 X 3s/8 = 15-s/40 = 15^4 X 10. 

= 15x2 Xs/10 = 30s/10. 


Ex. 3. 

Multiply 2-s/3 by 3 1/4. 

By reduction, 2s/3=2 X 3^s=2 ^ l/3 3 =*2l/27, 
and 3 S/4=*3x4 i s=3xS/4 , s=3Sjfl6. 
Hence 2s/3 x 3l/4=21/27 x 3l/l6=6l/432 
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Ex* 4. 

Divide 2 3 Jbe by 3«Jac. 

2‘Jbc*=2 x(6c^«=8*Ji»V, 
and 3^00=3 x[ac)‘=3°Ja‘c s ; 

,.^=?x v v^v/~ 

3V(7 r; 3 V cfV 3 V oV 


Ex. 5. 

Divide 10;|/108 by 5jJ/4. 

10^/108=10^/27 x 4 = 10 X3X J/4 = 30^/4 ; 

10^/108 = 30^4_ 6 . h I0J/108 , 

5V4 Tf/T *’ thus, _2 J27. 

" " ^ [=2 X 3=6. 

Ev. 6. Multiply ^/ 15 by VlO . . . Answer, J/ 225000. 

^ x *. ^.■ * i/'k 

Ex. 8. Divide 10^27by2>s/3 , .15. 


Ex. 9. 


. . 10^108 by 5^84. |^/441. 


124. On the Involution and Evolution of Surds. 

Rule. Raise the rational part to the power or root re- 
(ptired, and then multiply the fractional index of the surd 
part by the index of that power or root. 

Ex. 1. The square of 3 Ja =a 5x2 =a^==^/a 2 . 

Ex. 2. Cube of*Jb 2 ==b l **=;b*= s Jb'=b s Jb'. 

Ex. 3. Athpower of 2£/2=16 x2 3 * 4 = 16 x 2* = 16*Jl6 

; [ = 32j/2. 

Ex. 4. Square rootoi a 1, 6*=a 5X *6* x *=a ,, 6 , . 

Ex. 5. Cu&e root of - -s/2=i x 2* ><3 =-x 2 s —~ c j2. 

8 2 2 2* 

•Ex. 6. Cube - %/3 . .. Answer, ?*/ 3. 

2 * 8 

Ex. 7. Find fourth power of ? */6.i 


X 
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Ex. 8. Find square root of 9^/3 . , Answ. Stjs. 

16 ... 




tib' 


Ex. 9. ... fourth root of— 3 

HI 

Ex. 10. . . . fifth root of i- x (—^ 

.32 \a/ 

125. From the preceding rules we easily deduce the 
method of converting fractions whose denominators are 
turd quantities, into others whose denominators shall be 
rational Thus, let both the numerator and denominator 
o i 

of the fraction be multiplied bv *Jx y and it becomes 

X 

/ 

-—; and l>y multiplying the numerator and denominator 
x 

of the fraction —by l] (a + xj or (a + x)\ it becomes 
Ja + x 

b(ff‘ T ^ _- = K a + y ) \ Or in general, if both the numerator 
iTfr+xY « + * * 

a 


and denominator of a fraction of the form n Jr be multi¬ 
plied by *Jx*~\ it becomes 




a n lx' 

-, a fraction whose deno- 


X 


minator is a rational quantity. 

XXXIX. 


On the method of finding Multipliers which shall render 
Binomial Surd Quantities Rational. 

126. Compound surd quantities are such as consist of 
two or more terms, some or all of which are irrational; 
and if a quantity of this kind consist only of turn terms, it 
is called a binomial surd. The rule for finding a multi¬ 
plier which shall render a binomial surd quantity rational, 
is derived from observing the quotient which arises from 
the actual division of the numerator of the following frac¬ 
tions by the denominator. Thus, 

i. -— U. — x n ~ 1 + x n ~*y + x H 3 y 7 + &c... + y n ~ l to n terms, 

* y , 

whether n be even or odd. 
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n. a y = 1 — X* *1J -f a ?-*y l - &c.. . —y n ~ l to « terms, 

x+y 

when n is an even number. 

hi. -“ ssa*" 1 -*x*~ 2 y + ®"~y—&o*. .+y B ~ l to « terms, 

x “i" y 

when n is an odd number (a *. 

127. Now let x M =o, y n —b, then xsz^Jn, y= n Jb, and 

these fractions severally become and 

*j2+»jf ; an d by the application of the foregoing rules we 

have x n ?= n Ja n - 2 ; x n ~ 3 =^ n Ja. n - 3 , &c.; also, 

y* ^"Jb 2 ; y 3 ~ n Jh 3 \ &c.; hence, x n ~ % ny = n Ja x *Jb = 
n J<i n ~‘b; x n ~ 3 y*a n ~ 3 x n f Jb 2 = n Ja n ~ i li i ; &q. By substituting 
these values of x n ~\ x* y, x n ~ 3 if, &e. in the several quo¬ 
tients, we have 

n terms; where n may be any whole number whatever. 

And 

- a± ^ = n Ju m -'- n Ja'-*/j + ”Ja n - 3 b 2 + &c. . . .±*Jb n -> to 
n J'i + n Jb 

n terms; where the terms b and n Jb n ~ i have the sign + , 
when n is an odd number; and the sign—, when n is an 
even number. 

128. Since the divisor multiplied by the quotient gives 
the dividend, it appears from the foregoing operations that 

“if 


g 1 —y 1 


( tt ) For*i. *, ~—x+y\ ^ss^ + .ry + y 5 ; —.=^+1^ 


g^-y 3 

—JTyj —— ' 

g—y x—y 

+ gy* + y 3 ; &c. 

g : —y 2 g 1 —y* , , >ar 

n. -- - =g—y; — *=g 3 —g*y + gy'-y 3 ; &c. 

^ ar+y g + y 

g + y . r’+y 1 0 , x h t , > a 

m. ■ =i; —7—=' x '~ i p y+y*; —=g t —gy+gy 

g + y g+y ^r + y 

-gj^ + y 4 ; &c. # 
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ON FINDING MULTIPLIERS TO RENDER 

“ if a binomial surd of the form —’O/b be multiplied by 
« * -f. a Ja m ~*b* -f &c. . . . +*Jb*~ t (n being any 

41 whole number whatever), the product will be t %— b, a 
‘‘ rational quantity; a&d if a binomial surd of the form 
“Va + V6 be multiplied by Z/a*~ 1 —Z/a*~ 2 b + %/a m ~*b 9 — &c. 

44 .the product will be a + b orma-~b, ac* 

44 cording as the index n is an odd or an even number." 
The great use of this rule is, “ to convert fractions having 
“ surd denominators, into others whiJI shall have rational 
“ onesof wliich the following are examples. 

I 

Example 1. • 

Reduce —f_ and ----- to fractions having rational 
a—Vx J 8+<s/3 85 

denominators. 

Since “ the sum into the difference of two quantities gives 
the difference of their squares," it is evident that these frac¬ 
tions may be reduced to others having rational denomina¬ 
tors, by multiplying their numerators and denominators 
by a+Vz and n/ 8 — V 3 respectively, without the formal 
application of the rule. 

rp, f / \ . . \ by wliich means the fraction 

thus x(a + «Jx)— ax + Wxl J 

and(a — */i)(a +*/x) = a x( is reduced 

) '■ a —x 

Again a/6(n/8 — -v/ajss's/dB—Vl8 = (Art. 120.) 4-s/3 —3*/2, 
and (a/ 8 -f- n/3) (V8— V3)=8 — 3= 5 ; 

and the fraction is reduced to 1^? - 

* 5 

Ex. 2. 

Reduce ^—to a fraction with a rational denominator. 

2 

To find the multiplier which shall make 3 j3 —2/2 rational , 
we have n = 3. a=3, 6 = 2; + n Ja *^ + 

*J9 + 3 J6 + *J4. ♦ Now 


(“) The number of terms of the general series to be taken, is always 
equal to »;. in the present instance, therefore, the number to be taken is 3; 
and so in all other cases; recollecting that the last term is always */b n ~K 
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binomial Surd quantities rational. 


. Now 2(1/0+ ya+^4)=«8*79+25 S “ 8 ^ 4 - 
and ( ‘J3 - W rj9+’j6+ ^4)=(a-.i)3-2-1; 

theujtenominator is 1, and the fraction is reduced to 2^/9 
+-2$ 3-21/4. 

£x. 3. 

Kedilce 1 ®—tt to a fraction with a rational denominator. 

Jx+Jy 

Here n=3, a~x, b=*=y, the sign of *Jb is +, and n an odd 
number; .*. the mdftplier is 9 Ja n ~ 1 — H Ja*~ 2 b + n Jb n ~ , = 3 Jx i 


-*Jxy+ Hy 1 ; Hence the fraction^equired is ) 


Ex. 4. 


Reduce TT ■ to a fraction with a rational denominator. 

V* + i/3 

Here n=4, a= 5, b=. 3, the sign of n Jb is q-, and n an 
even number, the multiplier is n Ja*~ 1 —4- B Ja*~ 3 b' 1 
—^y// n -'=jyL25—^75 + ^45—JJ27. Hence the fraction 
required is (~—-—^ 


V/125—*/75 + j/45 -^27/ 2 W ^ ^ 


XL. 

On the Method of extracting the Square Root of 
Binomial Surds. 

129. Let J~x and Jy~ be two quadratic surds, which are 
not reducible to the same irrational part; .their product 

will be irrational. For, if JlcxJ y=m, J x=‘-^L==—J y ; 

»*Tyy 

that is, Jlc irreducible to the irrational part */yT contrary 
to the supposition. 


130. Next 
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130. Next, lef Jx+ Jy be a binomial, both whose terms 
are quudratic"surds, not reducible to the same irrational 
part. If this binomial be squared, the result isyc-f jy 
+ 2Jxy, a quantity of which one part is rational and 
the other (Art I£9.) irrational. Let x + y==a and 2 J7y 
=Jb, then it appears that every binomial stjpd whose 
square root can be exhibited under the form of Jx + Jy 
must be of the form a + Jb ; a being a rational quantity 
and Jb a quadratic surd. The same trip evidently be true, 
if one of the terms, as be supposedm/iona/. 

131. The square r^t of a rational quantity cannot 
be partly rational and partly a quadratic surd. For, if 
possible, let Jx =a ± Jb ; then ® = o‘ q- b±2aJb, and 

___*_ t. 

•Jb—' -, a rational quantity. But by the supposi- 

i 2 a 

tion, Jb is a surd ; hence Jx cannot be expressed under 
the form a± Jb. In the same manner it may be proved, 
that the square root of a rational quantity cannot be equal 
to the sum or difference of two quadratic surds not redu¬ 
cible to the same irrational part. For, if possible, let 

Jx,=Ja±Jb, then x=a+b± 2 Jab, and Jab ~ x -—-— 

± 2 

which is impossible by Art. 129. 

132. In any equation x + Jy=*a + Jb, consisting of ra¬ 
tional quantities and quadratic surds, the rational parts 
on each side are equal, and also the irrational For if x 
be not equal to a, let ar==a±m, then «iw + \/y=a+A 
or ±m + Jy=Jb, i.e. Jb is partly rational and partly 
irrational, which has already been proved to be impossible. 
In a similar manner it may be shewn, that in any equation 
mjx + njy=*pj x + qjy~ where Jx and Jy cannot be 
reduced to the same irrational part, mjx—pjxl and 
nJy=(]Jy. For, if q be not equal to n, by transposition, 
mJx=zpJx + qjy —njy =*pj~x -f (jq—n)Jy, contrary to 
Art. 131. qjy—njyi and consequently m J x—pJx. * 



THE SQUARE ROOT OF BINOMIAL SURDS. 


159' 


r 

133* To find the square root of the binomial quadratic 
surdo + V6. Assumed® 4 -^ys^/a+75^thenr + ^+ 2*/xy 
=aajj/)fb) .*. (by Art. 132.) x + y = a, and 2Jxy=**/b; 
hence ® + 2xy + y?=<r (A), and 4 xy=zb (B ); subtra ct (B ) 
from (A), them **— 2xy + y 9 =a 2 —• b, am P x'r-y=Ja i —b; 
we have,therefore, # 

x+y=a % 2x=a + Ja*—b, and x=%a + ^JaF—b. 
=Ja‘—b) &v=h -dtf—b, and IMF ia—iJcf—b. 


x 


y=*Ja—j)) 0y*=a -no — 6, and fly y_ 

Hence *Jx + */y~d \a + *Ja 2 —b + */ ^a—^fja^b, an ex¬ 
pression which can evidently be ofthe form *Jx + s/y y only 
when Ja 2 —b is a rational quantity. The square root of 
the binomial surd quantity a + Jb can therefore be exhi¬ 
bited lender the form *Jx -j-^y only when a 2 —& is a square 
number. By a similar process it might be shewn that the 

square root of a*/b is + — 

subject to the same limitation. 

Example 1. 

What is the square root of 19 + 8^3? 

Here a=19 > - 

Jb=Sj3) «—6=361 —192=169, and Au'-h-lS. 

Hence Jla + jja*^b + ^ia—iJa t —b= — + 1 f 

+ \/ ^“y s %/i 6 +*y 3=:=4 +*/ 3 * 

Ex. 2. 

Find the square root of 12—J140. 

Here n=12 ) __ 

""'-6=144-140=4, and Jd*~b=2. 

Hence ^ ^a + ija?—b— */fa— JJa 2 —6=^6 +1 — 1 

5 - 

t Ex. 3. 

Ss 

Find the square root of 31 + 12 J — 5. 


Here 
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Here o*»31 
or £=*—12 o 

Hence J Ja#} 6 + J Ja —J Ja*~^b== y/ 3 ^ +i! 

. .. * • 
Ex. 4. Find the square root of 7 4-4^3 . .. Answ. 2+J 3. 

Ex. 5. ... ..7—2^/10 . .* .^5— J2. 

Ex. 6.. • 18-10^^7 . . . b-J^j 

... * 

CHAf. IX. 

ON MISCELLANEOUS SUBJECTS. 




.*. a*—l *f 720aa 1681, and J a *-.b 
* 41 . 


Wn now proceed to apply the principles laid down in 
the preceding Chapters to the investigation of questions 
of a miscellaneous nature, beginning with some observa¬ 
tions upon prime numbers and their several relations. 

XLI. 

On Prime Numbers and their Relations ; and on the Method 
of finding the least Common Multiple of two or more 
Numbers. 

134, Numbers which admit of no exact divisor, or 
which have no measure (Art 40), except themselves and 
unity, are called Prime Numl>ers, as 2, 3, 5, 7, &e.; and 
two or more numbers, which have no common divisor, or 
measure, greater than unity, are said to be prime to each 
other , as 8 and 9; 11, 14,‘ and 15; &c. 

,135. “ Let a b, the product of any two numbers, be ^visible 
by c \ then, if c be prime to b, it will be a divisor of a.” For 

suppose 





ON PRIME NUMBERS &C. 


161 


suppose 6 to be greater than e; then, if the operation in 
Art. 45 be performed on them, the last divisor, or greatest 
i imnupi measure, will be unity, because b and c are prime 
to each other. Let the operation stand as follows; 


c)6(p 

cp 


d)c(y 

dq 


e)dfir 


then we have these equations; 

) ( ab—acp—ad . 

c — 4q=*e > or < ac —adq--ae 
U—er*** 1 I '! ad —oer*=o. 


er 

1 J 


4 


Consequently, since c, by supposition, measures a b, it 
will measure ab—acp t or ad\ and ac—adq, or ae; and 
ad—aer $ or a. (Art*. 43, 451.) 


If c be supposed greater than b, we shall, by a similar 
process, arrive at the same conclusion; which will be 
equally true, whatever be the number of divisions in the 
operation.. 


136. Hence it follows, that if the numerator and deno¬ 
minator of a fraction be prime to each other, there can 
exist no other equal fraction having its numerator and 
denominator respectively less than those of the first. 

In the fraction let a be prime to 6; and let — be an equal 
b .n 

fraction; then, since ^=—, m= Consequently b will be 

b n b 

a divisor of on; and since, by supposition, it is prime to a t it 
must (Art.135) be a divisor of a, and therefore less than «. 
In the same manner it may be proved that a is less than m, 

.and the fraction ? is therefore in its*least possible terms. 

O' 

Agaitf, since b is a divisor of n, let ^==p; then n=p&, and 

* 0 * 

i ? ir v • 

o consequently, since , m will*, pa; that is, “if 

pi ft n -two 



ON PRIMS NUMBERS &C. 


162 * 

“ two fractions, of which the former is in its least terms, 

“ be equal, the numerator and denominator of the latter 
“ will be equimultiples of the numerator and denominator 
“ of the former, respectively.* 1 

137. If a and b are both prime to c, a b will be prime tor. 
For if not, suppose ab and c to have a common measure In, 
and let abs=mp, and c—mq. Then, since a is prime to c, 
or m q, it is prime to m; for if a and m had a common mea¬ 
sure, this would (Art 43) be a common measure of n and 
mq. For the same reason, b is prime to m. But, since 

ab=*mp> — and - (Art. 136) is in its lowest terms; 
mb m 

therefore b is either equal to m, or (Art. 136) a multiple of in, 
which is absurd, because h has been proved to be prime 
to m; ab and c can have no common measure, and con¬ 
sequently ab must be prime to c. In the same way, if a, b, c 
are all prime to d, abc is prime to d, and so on. Hence, 
if a be prime to d, a *, a 9 , a*, &c. will all be prime to d . 

Again, if a, b, c, &c. are each of them prime *to each of 
d, e,f, &c. abc &e. will be prime to def8t c. For, since 
a, b, c, &c. are prime to d, ab$ &c. will be prime to d. For 
the same reason, abc &c. is prime to e,f, &c., and conse¬ 
quently to def &c. Hence, if a be prime to d, a 1 will be 
prime to d\ a 3 to d 3 , and so on. 

a 

138. A common multiple of two or more numbers is any 
number Which is measured by each of them; and tlieir least 
common multiple is the least number which is so measured. 

Let c be the greatest common measure of a and 6, and let 

a—mc,bssnc. Then ab=mnr, and — ~mnc=n<t = mb; 

c 

ab 

therefore — is a common multiple of a and b. It is also 

c 

their least common multiple; for let d be any other common 

multiple of a and and let d = pa=qb\ then^=^=—, , 

p b n 

where 
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where ~ is in its least terms, because (c.being the greatest. 

common measure of a and b)sm and.n are prime to each 

othei^f therefore q and p are equimultiples (Art. 136) of m 

and n respectively, and q is greater than to; hence, qb is 

1 * 

greater than mb, or d greater than —. Hence, " the least 

c 

“ common multiple of two numbers is equal to their product 
” divided by their greater common measure." It may be 
farther observed, that “ every other common multiple of a 
“ and b is a multiple of their least common multiple;" for 

since q is a multiple of m, qb or d is a'multiple of mb or—. 
* c 

To find the least common multiple of three numbers, 

“ a , b, c ; let m be the least common multiple of a and b , and 
“ n the least common multiple of m and c ; tljen n will be 
the least common multiple required.” For since to is a 
common multiple of a and b, and n a common multiple of 
m and c, n will obviously be a common multiple of «, 6, e. 
It will also be their least common multiple; for let d be 
any other multiple of a, b, c, then d will be a multiple of to, 
as has just been shewn; and since it is also a multiple of c, 
it will be a multiple of n , and therefore must be greater 
than n; hence n is the least common multiple of a , b, c. 

XLII. 

Properties of Numbers. 

139. Let a , b, c, d, &c. represent the digits of a number, 
a being the digit in the unit's place, b the digit in the fen * 
place, c % digit in the hundreds place, &e. &c., and, let 
r— 1 o, then the general value of any number may be repre¬ 
sented by a + br + cr 2 + dr 3 + &c.; thus, 357=7 +504*300 
=7 + 5 x 10 + 3 x 10*; and 4513^=3+1 x 10 + 2 x 10 2 4-4x 
10 3 ; See. See. From this mode of representing a number, 
the following properties are very readily deduced.. 

i. w If from, any number the sum of its digits ^ subtracted, the remainder 
“ it divisible by 9." 

For let a + 6r+cr‘ + dr s + &;e.—the number. 

Subtract a + & + c+ <*+ Ac. 

Then we have b(r —l)-t-c(r- — l) + <#(r'— l)-i-&e. for the value of the 

number 
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number when its digits art tubtractsd from itf but, by Art 126, this quantity 
‘is divisible by r— 1 or 9. Take, for instance, the number 37591, subtract 
the sum of its digit*, and the remaHtter is 37566=9x4174. 

■# * 

it. “ If the sum of the digits of any number bt divisible by 9, the num- 
" bet itself is dimtible by 9.** For let the number be JV, and the sum of 
its digits 8, and let S=9 m. Then (by Property i.) 1ST— 5 is divisible by 9 * 
let 2V— S~9p, and we have JV— 9*=9j», .*. JV=9/>+9»=9 (j» + m), 
which is divisible by 9 ; consequently TV is divisible by 9. Thus the 
numbers 171. 387,51489, See.., the sum of whose digits is, divisible by 9, 
are themselves divisible by 9. 

in. u If the sum of the digits of any number be divisible by 3, then the 
" number itself ** divisible by 3.” Let N and & represent the number 
and "sum of its digits as before, and let S~3m. Now JV—S= 9# 
.*. AT—3m=9/>, or 2V=9p+3*». which is evidently divisible by 3. 11ms 
the numbers 111, 123, 253, 1713, &c. are all divisible by 3. 

iv. “ If from any number the sum of the digits standing in the odd platen 
" be subtracted, and to it the sum of the digits standing in the ever places 
*‘ be added, then the result is divisible by 11.” 

For let the number be a + £jr + cr* + dr’+er 4 + dcc. 

Add — a + b —c — e + &c. * 

# the result is 6.r-+l+o.r 4 — I + rf.r + 1 + fl.r* — 1 + &c* ; 
but by Art. 126, the quantities r + 1, r' 4 — 1, r’+ 1, r 1 — 1, See. are all di¬ 
visible by r + 1; therefore 6. r + 1 + c. r ^ — 1 + rf. r J + ] + e. r 4 — ] + &c. 
is divisible by r+1, or =11. Take, for instance, the number 57937 ; 
subtract 5 + 9 + 7=21, and add 7 + 3 = 10, or, in other words, subtract 11, 
then the remainder 57926 = 11 X526G. 

v. “// the sum of the digits standing in the even places be equal to the sum 

*' of the digits standing »« the odd places , then the number is divisible by 11.” 
Let N *= the number, £ = the sum of the even digits, s=the sum of 
the odd digits; then’ (*v.) W+S,-** is divisible by 11 ; but if S=s, then 
8—*= 0, IV is divisible by 11. Thus the numbers 12^363, 12133, 

48422, &c. are all divisible by 11. 

The number r (which is, called the root of the scale) has 
here been supposed == 10, that being its value in the common 
system of notation; but the above properties of numbers 
are true for any other system. For instance, if the system of 
notation be such tliao.he value of the digits increase only in 
a sixfold instead of a tenfold proportion from the right to the 
left, then (since rs=*0, and consequently r —1 = 5, r + 1 = 7) 

what 
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m 

what has just been proved with respect to the numbers 9 
and 11 , is equally true with respect to the numbers 5 and 7, 
in the system the root of whose scale is 6. 

0 

140. Suppose, now, that it was required to transform a 
number of the common arithmetical scale into another of 
the same value, where the root of the scale shall be r ; let the 
given number be N, and let the digits of the number where 
the root of the scale is r, be a, h, c, d, &c.; then we have 

N—a + br + cr*+dr* + 8cc. 

an equation in which A^and r are given, to find the values of 
a, b, c, d, &c. Divide N by r , then the quotient is b + cr + 
d r + &c\ and the remainder a; divide b +cr+dr~ + &cc. 
by r, the quotient is c + dr + &c., and the remainder b ; divide 
c + d-r + &c, by r, the quotient is d + &c. and the remainder c; 
so that the rule is, “ to divide the given number continually 
“ by r till the last quotient is less than r, then this last quo- 
“ tient, together with the several remainders taken in the 
u reverse order, will be digits of the number required.” 
For instance, let it be required to convert the number 
3714 into another number of the same value, wherein the 
value of each digit shall increase in a fourfold proportion 
from the right hand to the left. Here r=4; and the 
operation will stand thus; 

4)37 1 4(2 = l rt remainder) Hence 322002, where the value 
4)928(0 = 2 a D°. of each digit increases in a four- 

4)23v(0 = 3' 1 D°. [fold proportion, is a Number of 

4)58(2 = 4“ D°. the same value with 3714, where 

4 ) 14(2 sssS 16 D°. the value of each digit increases 

3 in a tenfold proportion. 

141. The foregoing properties of Numbers have been 
deduced from the manner in which they are represented by 
means of the series a + br + cr 2 + dr 3 + &c. But numbers 
may also be considered as arising frqm the continued mul¬ 
tiplication of certain factors. The most general form under 
which numbers may be thus represented is a" b m c r d* &c., 
where a, b , c, d, 8c c. are prime numbers, and n, m, *, s, 8cc. any 

whole 
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qjh 

whole numbers whatever. One of ihofasimplest cases of 
tills kind is when the number comes under the form cfb ; 
and under this form we are enabled to investigate the 
expression for what is called a perfect number, L e. 
** a number which is equal to the sum of all its divisors." 

The process is this. The divisors of 0*6 are 1 , a, a*; a\ Stc. . .. a" and 

b,.ab, nH, «* 6 , &c. ..hence by the supposition 

<^ 6=1 + o 4 -< i * 4 - o *+ &c •¥a m + 6'+ab + a t b + &c.+ap- , b 


- (by Art 110.) +*= 1 + 0 =.* 
a —1 a — 1 

o"+ ! i—o*6=aso* , + , ~l+a"6 —b ; 


_n4-1_i 

or a*^'i— 2 a"&+ 5 = 0 *+'—«d, i = —t-— but since b is a 

o"-r'— 2 a" +1 


whole number, suppose a”’*' 1 —2a"+ 1 equal to unity, and consequently 
a"+‘—2a*=0, or a—2=0, or o=2 ; hence 6=2*+‘*-l ; and the ex¬ 
pression a*J becomes 2* (2*+’—1), where 2*+' — 1 must be a prime num¬ 
ber. Let »=1, 2, 3, 4, 5, 6, Ac., then 2*+*-1 =3. 7,15, 31.63, 127, 
255, &c.; of which the prime numbers are 3, 7, 13, 127, Ste., and the 
corresponding values of n are 1, 2, 4, 6, <Scc. ; hence a system of perfect 
numbers may be generated in the following manner; 

2X3 =6 \ an< j proceeding in this manner, 

® (2 s — l)= 4X7 =29 1 the next perfect nnmber is found 

2 4 (2*— l>i=16x3l =496 { to be 33550336. 

2 C (2 3 ~ 1 )=6 4 X 127=9128 ) 


XLIIL 

Permutations and Combinations. 

142. By Permutations are meant the number of changes 
which any quantities a, b, c, d, &c. may undergo with 
respect to their order, when taken two and two together, 
three and three, &c. &c. Thus ab , ac, ad, ba , be, bd, ca, 
cb , cd, da, db, dc, are the different permutations' of the 
four quantities a, b, c, d, when taken two and two together; 
a be, acb, bac, be a, cab, eba, of the three quantities, 
a, b, c, when taken three and three together ; &c. &c. 

143. By Combinations are meant the number of collections 
which may be formed out of the quantities a, b, c, d, e, &c. 
taken two and two together, three and three together, &c. &e. 
without haying regard to the order in which the quantities 
are arranged in each collection. Thus ab, a c, ad, be, bd, cd, 

are 
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are the combinations whidh can be formed out of the four 
quantities a, b, c, o^taken two and two together; a be, abd, 
acd, bed, the combinations which may be formed out 
of the same quantities, when taken three and three toge¬ 
ther, &c. &c. 


144. Ltfet there be n quantities, a, b, c, d, e, &c., taken two 
and two together; then, by Art. 142, it appears that thgre 
will be (n—1) permutations in which a stands first; for the 
same reason there will be (n — 1) permutations in which b 
stands first; and so of c, d, e, &c. Hence there will be n 
times (n — 1) permutations of the form ah, ac, ad, ae, &c,; 
ba t be, bd , be, &c.; ca, cb, cd, ce, &c.; i.e. u the number of 
permutations of n things taken two and two is n(n— 1).” 


I 


145. If these n quantities be taken three and three toge¬ 
ther, then there will be n(n — l)(n—2) permutations. For 
if (n — 1) be substituted for n in the last article, then the 
number of permutations of n— 1 things taken two and two 
together will be (n — l)(n —2); hence the number of per¬ 
mutations of b, c, d, e, &c., taken two and two together, are 
(n —l)(n—2), and consequently there are (n —l)(n-^-2) 
permutations of the quantities a, b, c, d, e, &c. taken three 
and three together, in which a may stand first; for the 
same reason there are (n—l)(n—2) permutations in 
which b may stand first; and so of c , d, c, &e. The num¬ 
ber of permutations of this kind will therefore amount to 
n(n —1)(»—2) v 

146. In the same way it appears, that if the number of 
quantities be n, and they are taken m and m together, the 

number of permutations will be n(n — 1) (n — 2) &c. 

(n—m+1); andifra = *^ i.e. if the permutations respect 
all the quantities at once, then (since m—n = 0) the number 
of them will be n(n — 1) (np 2) &c.... 2.1. Thus, the number 
of permutations which mfght be formed from the letters 
composing the word “ virtue" are 6x5x4x3x2xl = 720. 

147. But if in this latter case the same letter should 

* occur 
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occur any number of times, theirft is evj^pnt tiiat we must 
divide the whole number, of permutations, by the number 
of times the permutations are multiplied by having different 
letters instead of the repetition of the same letter. Thus, if 
the same letter should occur ticice, then we must divide by 
2x1; if it should occur thrice, we must divide by 3. x 2 x 1; 
if p time*, by 1.2.3.../>; and so for any other letter which 
may occur more than once. Hence the general expression 
for the number of permutations”of n things, of which there 
#are p of one kind; r of another ; (j of another ; &e. &c. is 

I j ^n—2) (n — 3 )... 2^1 Thus the permutations which 
1.2.3 ..p X 1.2.3..r X 1.2.3..ry 

may be formed by the letters composing the word “easiness" 


(since s occurs thrice, e twice ) are 


M^- 3 -?d= 336 o. 

1,2.3 x 1.2 


148. From the expression (in Art. 146) for finding the 
number of permutations of n things taken m and m together, 
we immediately deduce the theorem for finding the number 
of combinations of n things taken in the same manner. For 
the permutations of n things taken two and two together 
being «(»—!), and each combination admitting of as many 
permutations as may be made by two things (which is 2 x 1), 
the number of combinations must be equal to the number of 
permutations divided*by 2; i.e. the number of combinations 

of n things taken two and two together is — ( W ~ .U. For 

the same reason, the combinations of n things, taken three 

and three together, must be equal to ; and, 

1*2* J 

in general, the combinations of n things taken m and rn 
together must be equal to ~ iA T~ ._ 2 hi -Lffij'I? ” ). 

W? A -jv I rt 

f 1.2.3. ...m 


XLW 


Unlimited Problems. 

140. It has.already been observed ( Art. 69), that in order 

to 
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to obtain the solujjon of equations containing any number 
of unknown quantities, if*is necessary that there should be 
as many equations as there are unknown quantities. If 
the number of equations be less than that of the unknown 
quantities, then the number of values of the* unknown 
quantities will be unlimited, unless the problem be limited 
by circumstances. This will be readily understood by 
taking the simple case of r + y=10, where it is evident 
that the values of x and y may vary through all degrees 
»of fractional and infegral magnitude between 0 and 10; 
for if rr=£, then y=9* ; if x= 1, then y—9; if x=l^, then 
y—&l &c. &c.; but if the hypothesis be limited to the 
integral and positive values of x and y , then the nhmber 
of answers is limited to nine, for if x=rl,2, 3, 4, 5, 6, 7, 8, 
or 9,-then the corresponding values of y are 9, 8, 7, 6, 5, 
4*8, 2, or 1. 


150. Suppose now it was required t<*find all the integral 
and positive values of x and y in the equation 2 x + 3 y= 1 7. 


Here 


x— 


17-3y 

2 


= 8 




since x and y are whole numbers, it is evident that 


y~ l 

2 


must be also a whole number. Let — * = p, then 

2 

y-=2p+l, and a = (8 — y — p =)8 — 2p — 1 — p = 7— 3p. 
To make x a positive number, p cannot be taken greater 
than 2; let p=0, 1, or 2, then r=7, 4, or 1, and the cor¬ 
responding values of y( = 2p + 1) are 1, 3, and 5; so that 
the number of positive and integral values of x and y are 
limited to three. 


151. Next let it be required to find the same in the 


equation 14r — 5y=7. Herey 


^_14r— 7_7 (2 a:— l) 


5 


5 


'; and 


• * JC “ I I 

since 5 is not a divisor of 7,-must be a whole num- 

5 


her (Art. 135.) 


r. 2X— 1 

z 


Let 
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Let 2 =/>, then 2^=5pjl, $ud sc=2p + ?-* 1 ; 

let 2^ 1 =(/, then p= 2 q— 1; 

hence z=®(2p + y=)4<jf— 2 + q—bq — 2, 

* and y=l(*'^U s= ?(i"»-i) = |4o-T. 

* 5 5 

Let</=1, 2, 3, 4, 5, &e.l In this case, the positive 
Jlien t= 3, 8. 13,18, 23, &c. >nnd integral values of x anti 
v/=7, 21,35, 49, 63, &c. Jyy are unlimited. 

By attending to the several parts of the process in the 
two last Articles, the solution of the following Questions 
will be readily understood. 

I. In how many ways may the' sum of £.5 he paid, in crotons and xrecn- 
shitting-pieces :* Let ,r=the N°. of seven-shilling-pieces, y = the N'\ of 

100 — 7j? 


Z x 


= 20 — ,r — -- (where x imt 
5 


crowns; then 7;r+5y=10(), y— 

•T / 2 *r \ 

be divisible by ft), Letjjj=p, then *~»p, and y=l 20— x —j'20— 

5p—2p=20 — 7p (where p must evidently be less than 3). Let 1 
or 2, then .i = .> or 10, and y— Li or C, so that a payment of this sort can 
only be effected in two ways. 

II. What is the least number of pieces m which a bill of £.7 can be paid 
in half-ffuinras and seven-shilling.pieces ? Let .r~N\ of half-guineas, 
y=N°. of seven-shilling-pieces, then 2] x 4- 14»/ = 240, or ly— 40, 
4 0 3 t Y ,Y 

and y =—-— —20— x —- (where x must be dhbible by 2). Let 

jL Li w 

40 u 

then x=s=2p, and y= --—- = '20 — 3P (where p must be less than 7). 

2 

Let p=I, 2, 3, 4, 5, or 6, 1 so that the number of ways in which this 
then j?= 2, 4, f», 3, 10, or 12,/ payment maybe made is six; and t lie 
and y= 17, 14,11,8,5, or 2,/ least N°. of pieces is 14, tl ie greatest 19. 

in. A person owes me seven shillings ; he has no other money about him 
but half-guineas, and I no other but crown-pieces ; what is the least number 
of pieces by which this debt may be settled 9 Let j , =N°. of half-guineas, 

2I,»—14 a— 4. 

y=N°. of crowns, then 5tl j?— I0y= 14, and y =———= 2#—1 +~yg~* 
jc 4 

Let —~=p, then dr=10p+4, and y=(20p-h 8 — 1 + p— )‘21p + 7 (where 
p may be 0, or any whole number whatever). 

Let 
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Letp=0, I, 2, 8, 4; &c. 
then *=4, 14, 24, 34, 44, &c. 
y=7, 28, 49, 70, 91, &c. 


\ so that the least N°. of pieces Is 11, vis 
I 4 half-guineas and 7 crowns ; but the num- 
(ber of ways in which the payment may be 
' effected is unlimited. 


iv. It is required to find the least number which when divided by 19 shall 

leave the remainder 7; and when divided by 28, the remainder 13. Let 

x and y be the quotients arising respectively from such division, then 

, 28y + 0 9y4 6 3 (3 v-1 2) , , 

19 x -4- 7=28 y -I-13, and x——=y+ j- ~~y +— —- (where 

. _ 3w + 2 . 19p—2 

3y + 2 must be divisible by 19). Let —— p . then y =--—=6 p 

+ put ~~=q> then p—3^ + 2; and as it is required to find the 

3 3 

least number which will answer the conditions required, let 5=0, then 


p—2, y=l>p (for 


_ 


=())—12, x= 


28 y 4 G 


19 


=18, in which case 19^+7 


and 28 y + 13 are each equal to 349, which is the N°. required. 


v. What is the least whole number which, when divided by 5, 6, 7, re¬ 
spectively, shall Imre remainders 1, 2, 3 t Let x, y, z be the quotients 
arising from this division, then l=6y + 2—7x->r 3. Now x~ 

w -f 1 w f 1 y 1 

-- ~y + —r ; let ~r =p, then f/=5p—1, and 6y-l-2=30»—4 

5 5 ■ > 


30 p — 7 2 p 

=7# +3; hence a— ^ =4/>—! + — (where p must be divisible 

* 

by 7). Let ^=?, then p—7q> and z=^4p—l -1- y"—) 2 


_1 J- o 


30 ?- 1 . 

Let q= 1, 2, 3, &c. 1 so that the least number which 
then »= 29, 59, 89, &c. ' will answer the conditions required 
and 7* + 3=206, 416, 626, Ac. ) is 206. 


XLV. 

Diophaniine Problems . 

152. These are a species of unlimited Problems, prin-. 
cipally respecting square and cube numbers. No general 
rules can be laid down for the solution of them; but the 
following examples may serve to give the learner an in¬ 
sight into their feature, and the manner of solving them. 
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I. To find two square numbers whose sum shall also be a square number. Let 
x * and «* represent the two square numbers required ; then the values of x~ 
and a- must be such, that x 2 +<§'*’ may be a square number. Now x* + a 3 
is greater than x— a 12 (for x-* , « l ‘=a^ + o' — 2 ax ); we may therefore as¬ 
sume x~ + a'=mur—a] where *» is some number greater than unity ; but 
if jr + a ? =m x— aV : =m' J ar — 2 «i a * + a*, then. x 2 —m'x : — 2ma x, or 


2 Tnfl~1 a 

‘ 7n'~T ’ 


o ^ 

m J x— x—2ma : x= —- ; hence the two numbers required are 

m — 1 

and « 5 , where m and a may be any whole numbers whatever; but that 
2 m a * 

-j—-may bo an integer, it is necessary that 2 ma be some multiple of 

*n ? —1. Let tn=2, ti=3. then the two numbers are 16 and 9, and their 

sum 25. Let in— 3, a— 5, then the two numbers are - and 25, whose 

1 b 

625 

sum is also a square number. Letm=3,a=8, then the numbers 
16 

are 36 and 64, and their sum 100; tic. &c. 


u. To find a number (x) such that jr-i a and x~a shall both be square 
# % ^ 
numbers. Let x + a=m 3 , then x—a=m~ —2 a ; assume wr 1 — 2n=m — 

=m z — 2nfl + o , then —2 a— — 2ma + a' or 2w« —a t'2a; /. »«=* 

a + 2 ., a 2 '4 a + 4 a 1 + 4 a 4 a' + 4 

——, and m’= ... ; hence x—m'—a— -. —a— — 

2 4 4 4 

where a may be any number whatever; and if it be an even number, then 
x (and consequently x + a and x—a) will be a whole number. 


, a"+ 4 5 ■ 5 9 5 

Let a— 1, then x= —-— = - ; x a— - + 1 = ; J—" — : — 1 = 1. 

A 4 4 4 4 


4 + 4 


a—1, . . . x- 


= 2; * + «=2 +2-4; .*■-«=(), 


, . 9 + 4 13 13 25 . 13 

a =3, ... J =- r =:-- ; x + «== T + .3==- 4 ;.r--a=---3=i ( 

16+-4 

o=4,, .. r= ~--=5 , x + a=5 + 4— 9 ; x—a—b -- 4 = 1 ; 


&C. &C. &c. &c. 

* 

and this is a general property of square numbers, viz. that if we take any 
number, square it, add 4 to that square, and then divide the result by 4, it 
will give such a number, that the sum and difference of it and the original 
number shall be square numbers. 


in. To find three square numbers which shall be in arithmetic progiession. 
Let the numbers be x 1 , y 1 , then x a +* 3 =2y 2 . Put x—p + q, 
and x=*p—q, then sr+ ^=2p 2 + 2«jr I =2|r, p* + q 2 =y y and the 

question 
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question resolves itself into the finding p and q, such that p‘ + $r shall he 

a square n umber. Let, therefore, (Ex. I.) p= Jr~~, ?=«, then 

where a and m may be any numbers what* 
ever. For instance, let •— 3, to= 2, then 
x—7, j/=5, *=1, and the square numbers 
in arithmetic progression are 49, 25, 1. 
Let a=8, n»=3, then <r=14, y='lO, 
z~— 2, .'.the square numbers in arith¬ 
metic progression, are u 6,100, 4. 


2 mu , 

I= ” + ? =„:ct + * 

2mo 

*= P “ 9 = 

p, -o(m : 4 1) 

,W,- 9 = -,- r 


XLVI. 

The Solution of two Questions relating to Numbers in Geo¬ 
metrical Progression. 

153. Let a be the first term, r the common ratio, n the 
number of terms, and S the sum of a Geometric Series > 

then* (by Art 110), S= - r ~ I an( i if a=L $ = —__ - j * 

Now let 2 be the smn of the series arising from the suc¬ 
cessive addition of 1, 2, 3, 4, &c... . n terms of the geo¬ 
metric series; then we shall have, * 


S= 1 + r + r ? + r 1 + r 4 + &e..r"-' , and 

r— 1 

2 = 1 +(1 + r) + (l •f r + r") + (l + r + r* + r' 3 )+&c... + (l + f+r , + r s +&c... + r n 


r— 1 
r-1 


+ 



r 3 — 1 r 4 1 
r— 1 + r^T 


+ &c... 


+ 


r n —1 
r—1 


— l) + (r a — l) + (r 3 —l) + (r 4 —l)+&c... . +(r B -l)) 

r — 1 

— _I. ^r + r’+ r* + r 4 + &c. ... + r" hii( l+1+1+1+&c ...to n terms^ 

1 /r" +1 —r\_ n _r n *'—r__ n 
”r”lV r—1 / r— 1 (r~l) J r— 1 

of which the following are Examples. 

i Let r=2, then S=1 + 2 + 4+ 8+16 + &C... + 2- 1 =2"-l. 

2 = 1 + 3 +7 + 15 + 31 + &C... + 2"—1=2" +I —(n+2). 
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* 


y"-i 


ii. Let r=3, then 5=1 + 3+ 9 + 27+ 8l + &^j|^ + 3" 1 = - ^ 

2=1 + 4+ 13 + 40 + 121 + &c... +- 1 = ” + 

2 4 

-,----- : - 

ill. Let r=4, then S= 1 + 4 +16 + 61 + 256 + &e.,. + 4 


« i 


4”—1 


3 


4 »_i 4 B+, -(3n+i) 
2 = 1 + 5 + 21+85 + 341 + &e... + v ; 

• 3 y 


&c.- ’ Sc. Sc. ' = ^ 

154. Let «+^ + «jt 2''+"+„3''+"+ J''+ &t , bc , ln 

infinite series of fractions whose numerators are in Arith¬ 
metical and their denominators in Geometrical Progression. 
For finding its sum (S'), this series may be resolved into 
the following; 

a , a . a , a , a , 0 , . ^ .. nr ,ft) 

- + — + —, + — + —■+&c. ad infinitums?- - r # 

c cr cr ' cr 1 cr c(r—1) 

h , 5 , b , 5 , « h 

— + — J + &C .=- s 

cr cr cr cr c/ — 1J 

i+i j+ i. + &c,.= , 

c C cr cr cr(r— 1| 

\+i,+ & c.=_'' 


cr cr 




cr 


&c. 


cr'(r —1) 
h_ 

~c?(r-l) 

= &c. 

Hence 


(*) For (by Art. 116) j-(l +J + - + ~+&c.)=“ (j_l) 


-J 



ar 

c(r-i)' 

b 

b 

er(r— 1 ) 
i &c. 
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lienee j ( 1 + i + p + ««:. arf infinitum} 

07 „ • _ or br . 

c(r—l) ' c(r—l) r— J. c(r—l) c(/— 1/ ' 
winch the following are examples. 

t Let «= 1, 6=1, c= l, r=2, then 

1 + ^+- + ^+-— + &e. = 2 + 2 = 4. 

2 4 8 10 


n. Let a — l, 6 = 2, c=3, r = 2, then 

_1.3 0 *7 - 11 ,o z 4 _ 

3 6 12 24 48 3 3 

m. Let o = 2, 6 = 3, c = 5, r = 3, then 

11 . 11 


e_- . «» . >> - i i , i i , q o.i# 21 

*8 — r + 7 “ + — + - — + -— + &e. = — Hh— =— . 
.# la 4o 13a 405 10 10 20 


CHAP. X. 

ON THE BINOMIAL THEOREM, 

AND SUBJECTS CONNECTED WITH IT. 

Sir Isaac Newton's theorem for raising a binomial to 
any power was given in Chap. III. The index (n) was 
there supposed to be an integral and positive number; but 
the great value and importance of this theorem is derived 
from its being equally true, whether the index be integral 
or fractional, positive or negative; for this circumstance 
enables us not only to obtain the roots, as well as powers, 
of Algebraic quantities in a much more easy manner than 
the common processes, but to apply the theorem itself 
to many very useful and important investigations in the 
higher oranclies of analysis. 
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XLVII. ^ 

The general Demonstration of this Theorem. 

155. Previously to the investigation of this Theorem, it 
will be necessary to ascertain the two first terms and the 
general form of the series which expresses the value of 
(1 -f nx+^af + cx’-f- &c.) n , whether n lie integral or frac¬ 
tional, positive or negative. 

i. If a be a 'positive whole number, then, by the ordinary 
process of involution exhibited in Art. 49, we have. 

1 + ax- f- &c. \ 

1 4- a x + Sc c. from which it appears, that 

1+ aj + Scc. in finding: the value of 


+ ai + See. 


j ^ 1 + a r + i 

\two first 


i. r + b y + See.) ", the 


l + 2«, + &c.f» r ",cSV /lOT r M . M t lmm , viu |)U 

1-f HT+&C. ; 

1 + 2 aa + &c.' ; 1 + « « r ; and from the na- 

+ ar+&f. tore of the process it is 

1 + 3 ax + Sc c. for the Cube • evident that the powers of 
1 + «.r+ &c. « will increase regularly. 

See. See. 


ii. If 7i — then since the indices of r in the quantity 
r 

1 + a x + b x~ + c x**+ See. are all supposed to be integral and 
positive, it is evident that the indices of r in the series which 
expresses the rth root of this quantity will be integral and 
positive also ; for if any of the indices in the root were frac¬ 
tional or negative, we should, In the re-composition of the 
power from the root, have fractional or negative indices 
also in the power; which is contrary to the supposition. 

With 


(“) The general form of a multinomial quantity in which the powers of 
t regularly ascend is A + 11 x 4 C vt + D a? 4- &c. ; but this is easily 
reduced to a form much more simple, yet equally general, by dividing the 

+ . H C , D , 

whole by A\ in which ca«e it becomes 1+ 4- --x 4- -Jr-h &e., or 

A • A A 

CJ fy \ 0 

making "==^, r, l + <*« + &#•-f-ca? :, + &c. 
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With respect tothe two first terms of the root, it is ma¬ 
nifest that the firmPbf them will be unity, and that the se¬ 
cond will be such a quantity as, in the recomposition of the 
power from the root, will give a x for the second term of 
the power; now, by Case I., this must be such a quantity as 

1 

when multiplied by r will produce ax ; i.e. it must be - at. * 

Hence we have (1 + a r + 6a& 2 + &c.) r =l + -aac + &c. 

r 

■ * = 1 -}- na x + &c,, since 4=n. 


m. Now let n ~then 

r 


by involution (CaseI.), (1 + ax + bx i + &c.) m = 1 + max + &c. 

m ■ 

by extracting the rth rout,( 1 + a i+6 a; 1 + &c.) >■=(1 + m a r + etc.) 1, 

« = 1 + \(max) + &c.(byCaseII.) 

r 

= 1 q-??!/rta:)q.&C. 
r 

= l + nax + &c.as inCases I.H. 


iv. If «= —s, where s is either integral or fractional, 

l 

then (l+ax+bx'+8cc.)~‘= / - 0 

(!+«/+&*■' + &c./ 


=__ ——(by Cases I. II. III.) 

I + sa x + &c. \ 

=*l—sax + &c. by actual division. 
= 1 + n a x + &c. as in former cases. 


Hence it appears, that whether n be integral or frac¬ 
tional, positive or negative , the first two terms of the series 
expressing the value of(l+ax + ha r ‘ + &e) n will he \ + nax, 
and that fn the subsequent terms the powers of x will be 
integral and positive. 

Now, suppose a=l; c=o; &c. then the multi¬ 

nomial quantity 1 far + />i ! + &c. is reduced to the bino¬ 
mial 1 + x ; and we are evidently at liberty to *$sume 
([ +#)"=1 + nr + 7a; 5 +ra 3 + sx 4 + &c. 
where q, r, s, &c. are quantities whose values are hereafwr 

A a to 
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to be determined. Hence, also, since |a 4. x)*=a"^ 1 -f j , 
we have (a + j)"=n"fl +^f + £I' + !£l + &e.) 

n * 1 * .1*^ 


0 


a 


= a+ n (f~ t 4 - q «" r 4 - r a r 4 - &c. 

« 

156. Now let the trinomial quantity (I+J + / 1 )" be ex¬ 
panded, first by considering x-f/t as one quantity, and 
secondly by considering 1 4 -x as one quantity, and there 
will arise two series, from the comparison of which the 
values of q, r, s, &c. may be obtained. Thus 

I . (l +(f+ A))" = 1 +n(x r h) tq(xrh) 4 rlr + h)' +s(x f A) 1 * + &r 

= 1 +wi-yjr- + rj 1 + ij i, 4 A.C. 4 nh-r lqhx-v .>/u*+4»/u ,1 4.Xr.(,/) 
omitting the hifrlier powers of h, as unnecessary for our purpose. 

II. (0 + a') + /i)"=(l 4.r)"4-«{l 4- r)"“ 7* 4 Ac 

= 1 + K.r+ qx l -f rJ* 1 -f s.r* -f Sic, -f- nA( I +{n — ] )x 4 q'x~ + r'x 1 4 ke ) * 
= 1 +WJ + 7 J' -t- rj 1 4 ,«t' 4 Ac. -i- nh 4 «(«— 1 )A r f m/h.r t nt'fu' ■ kc ill) 
Since the series (.-/) and ( B ) arise from the expansion of the same quantity 1 • > h, 
they are evidently equal- rejecting therefore the part common to both, we hase 
2 qhx +3r/ij”’4- infix 1 + &C. = n(n — 1 nq'hx 1 -\~nr%i 3 4“ Ac. 

and equating the coefficients"”, we have 

o n\n — 1 ) . , tn—l)(/i— 2 )' n 

_(/— ntn— lj, or q— - ; and by parity of reason, q = 

L * 2 


1 )(n-2) «(»-l)Tn-2) 

,\r-nq - 2 — , or r= — £ ^ - ; 


1 )(«■*• 2j(n—.!) 
■ 2.1 


«——2X»—3) «(«— IX«—‘2)(« —. (H-l)(tt-2)f»-TXn- 

■'—wr = -, ors= - : « —- — - 


4 c 

&C.=&C=&C.. 


2.3 


3.3.4 


2.3.4 


Bv 


(*) In assuming a aeries for the value of (l 4x) B "', the first two ternni 
(by Art. 153) will be 1 +(n—1 )j; and the other coefficients will also be 
different from those of the series which expresses the value of (1 44?)". 
To preserve an uniformity of notation, we have made them gr, s', &c. 

O’) This process of equating coefficients requires explanation; for which 
purpose, let us suppose a 4 fcj?4c4r'i-d4? 3 4&c. and *-r fix + yjfi + ix 3 + 
kc. to be two series arising from the different modes of expansion (by 
division, evomtion, kc.) of the same quantity, or of equal quantities, in 
which a, b, c, d, kc. and *, /?, y, S, kc, are constant quantities, but x a 
qUfpBtity varying through all degrees of magnitude. Since the two series 
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¥ 

By substituting the values of p, q,r , &c. thus found, wc have 
<'+,)•=! +«,+ + rL(izi^^2)(«-3) jt , +&c and 

(,. +*)'=»'+„«"-',+ v+"AzlX"rj) 3 .- v + !K-. ^-^-3) ^ _, 

so that the series expressing the value of (a + i) n , n being 
any number whatever, either mtcgral or fractional, positive 
or negative, observes the same law as that which was de¬ 
duced in Chap. III., on the supposition of n being, a polity? 
whole number. 


XLVJII. 

Some Observations arising out of the foregoing Theorem. 

157. Resuming the notation adopted in Chap. III. we have 

(„ + /,)■=„« + „ a ->b + + 

' ' 2 .2.3 

* 

&c. the i n ,fc term of the series being Hi n ~~! i ! _ T1 

b 1.2.3 

n n nJ r'h m -\ Hence, if n he a positive whole number, the 

series 


arc equal to one another, whatever be the value of x, let us suppose jr=0, 
ami we have </=«; ami these two quantities being invariable, a will always 
be equal to a for every valtie of x. Now stinee fl=«, bx-\ cx : 4 tlx' 4- Slc. 
must be equal to Px + yd- 1 -<rtx' + &c. ; divide by x, and we have 
b rvj-vdx’ +&c.=j3 ■)- 7 ..r + S,t’-+ &e.; suppose aga 5 n x=0, then h—$, 
and so on ; hence a—*, b—[i, c—y, d—'i, Slc. The same is also true in 
the equation (« 4- bx 4 cx : + Sic.)y + Pif 4- 4 &c.=(* + fix 4- yx 1 + &c.) 

yf P'/ + Q'i/ +■ &o»; for divide by y, then a-\-b,r + c ,r 4 &c. 4 
Py + Qy" 4- &e.=* + J3 x 4- y r 4- &e. + P'y 4- Q'jr + Slc. ; let ji=0, then 
riA-bx tc#4-&c.=* j /Sx + yx J 4 &c. and a, b, c, Slc. may be proved 
equal to *, jG, y, (tc. respectively, as before. 

(°) For if the coefficient, of the third term of the scries which expresses 

fl f 71 1) 

the value of (l 4 a)" be --, the coefficient of the third term of the 

• 2 

series which expresses the value of (1 4-a')™" 1 will (by substituting n—1 


i j 
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series will terminate after n + 1 terms; forletm = n + 2, 
then n —m + 2 = 0, and consequently fiie coefficient 
which involves the factor (n—m + 2) vanishes. Let 
m—n + l, then n—m+ 2 = 1, n—m+ l —0, and tn— l=n; 


the (n+lth) (or last) term is 

v v ' 1.2.3 ...,{n-\)n 

G° b n or b n . If n be fractional or negative , the series will not 
terminate, and in this case the value of any expanded bino¬ 
mial can only be expressed in the form of*an infinite series. 


158. If in the series expressing the value of (n + />)", for b 
we put — b, then those terms which involve the odd powers 
of b will be changed from + to — ; Hence we have, 

(n -p bj t =a*+ na*~'b -p 7 --”— n ~'b* -p &c. 


and(o—J>)"=a"— na n 'b + V ^ 11 ^a B ~b ‘— ?, ^ n ^n n ~ i b x + &e. 

' - 2 2.3 


by addition, (a + b) n + [n—b) n = 2 a n + ri[n— 1) o b ~7j 3 + &c. 

or^' + b^ + Ua-by^a'+^'-'li'-V + ke. * 

2 

by subtraction, (o-f &)"— (a — />)"= 2na n ~'b -p”(.-~0^—‘‘Jfl"'*// + &e. 

3 

• orJ(o + ^) n -J(o-6) n =-ao"-7j4. r, ^-~ 1 ^ , '^^ B 'V; , + K:c. 

2.3 

159. Let a=l, b—\, then (a + /;)"=(l *pl)"=2"; and 
since the several powers of a and b are, in this case, each of 

them equal to 1, we havel -p n -f 77 ( w -~ ll q. * ~ -~r—— + 

2 2.3 

&c.=2", i.e. /Ae .9«m of /Ac coefficients of the nffc poicrr 
of an?/ binomial is equal to that power of 2 whose index 
is n. Thus, for the square, 1 -f 2 + 1 = 4=2*; for the cube 
1 + 3 -p 3 + 1 =8=2*; for the fourth power, 1 + 4 + 6 + 4 + 1 
= 16=2 4 ; & c . &c. If a = l, />= 1, in the expression 
(a—'b) n ., then (1 —1)*=0, which shews that the silm of the 
positive coefficients of (a—6)" is equal to the sum of the 
negative ones. 



. EXPANSION OF SERIES. 


181 


XLIX. 

On the Expansion of Series. 

160. It has already been observed (Art. 157) that when 
n is a negative number or a fraction, then the series ex¬ 
pressing the value of (a+ 6)* does not terminate. Let 

n — an( l substitute for n in the series (Art. 156); then 


m/m 


- ,??" m. 

' r -~o r + - - f f r- + a'-V + &c. 

r 2 2.3 

= a~r + — (!i ) + r ) 0 7~) + m(m-r){m-2r)g r/k\ 

r W 2r \a) 2.3.r 3 \av 

= «"(I + + ’"(“^ r )( 6 _') + m( m-T ) (m-2r )^ + 

which is a general expression for finding the value of any 

bifypmial surd quantity in a series, - being either positive 

r 

or negative, and m and r any whole numbers whatever. 


Example 1. 

Find the value of 3 J c’ + ar* or c’ + a:*)^ in a series. 
IJereaW) • 7 . 

4=,’/ ■'■“'-*1 t=c; 

m=li 

\ 3^c 9 / 3 c 3 

r=3 ) 


(*) This series is derived from the preceding one, by resolving the powers 

• ■ 

■_i " “ 1 a r 5_j “ -» 

of a into two factors: thus, n r =a f Xo =a r X-=-; a r =« r Xfi 

a a 
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2r 2 I,?/' 

I (m -2 r )/b 3 \. 
3r 3 VaV 


m(m —r) (m -2 r)/b 3 
23)7* W 
&c 


= _ ^ . 

'2.3* U-V 3\c® ’ 

l(l-3)(l-6)/r\ 5 a 9 , 

2.3.3 s ’ VtV 3'.?’ 


Hence 'J?+?-r( L +il. + 3 4j-&e.) 

Ex. 2. 

Find the value of 7 ^= 7 — or , y, T - r \ 1 or ( c + T? ") % 

Jr + r' V +* T >2 

Here a = c 2 - . n _$ _, I 

6 W - ar=(c) =C “V 

77i = — 1 «/A\ __ _ r_ . . 

= 2 rW 2Vc"/ Sr 1 ’ 

jti(m—r)/b l \ — 1 (— 1 — 2)/.»*\ 3 > 1 

7?~ V«-/ £ 2 ^ V7*' 2‘.r’ : 

r)(w — 2r)/b\_ —1( — \ —2)( —1— 

.3> V/V ‘ 2.3.2' VcV 2*. 

z , .,-i 1/, 3T* 3r 4 . «... \ • 

enee^ + r) =-(l——.+ -——- 7 —« + &t -) 

cV vtr 2 .c* 2‘.c* ' 


771 = — 1 m/»\. 

r= 2 r'fl/ 

771(771 — 

~~j?~ wr 

1(777 —r)( w — 2r)/6\_ 


2.3 r’ 




2.2' \r*7 2'.r" 

-1 (- 1 - 2) f — 1 — I )/ ■"\_ 71' 
2.77.2 1 Vf*/ 2'./ 


Henee (e* + r) = 


<' + +&C.) 

Jc r +x i A ‘2 c : 2\c 4 2\c ' 


Ex. 3. 


Find the value of 


~y <,r ( c + J )~’- 

+ 3j 


Here o=c 

.\ar- 

, o—t 

771 =—2 JJ//6 

* r= 1 J r m/ 

777 ( 777 ,—r)//> J 
2 r r V rt ! 
m(m—r) (m —2r) fb 3 


c ‘ = 


2.3 r 3 


j "© 


—-2( — 2 — __ 3af . 

-- 2 -V^"c“’ 

- -2(-2-l)(-2-2)/A sss l4^ . 

2.3 Vcv e* 


Hence 
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Kence ^=I(. -£?+ **) 

This series is easily verified by the division of 1 by 
'? + 2c i +£*. 

Ex. 4. 

Find the value of (c 5 — ar) 3 . 

Here a=cr 


in 


(i *—U <- ,fi —J c 3 ; 

= 3 f ™(h\ =s 3(_ _3ar a . 

= 4 rl«/ 4V c) 2\c iJ 

(m— r) / /r \__. r i(:i — 4) /jr’\_ 3,r 4 # 

2r* W/ ~V> Vc'J - 2V ; 

(m —r) ( w — 2r V 6 1 \ __ 3(3 — T>(3 - 8) / _ /'\_3 a 6 

2.3 r" v/V * 2.3.4 3 V c fi /~ 2 T .7'' ,; 


/>=- 
m 

r— 

m 


&C. = &C. 


Hence 


161. Now let m=], then (« + fr) r ='u + by= r J n^-b ; and 
<f T = T J f i i hence the series in Art. 160 is transformed into 

> .'*-:/-('*k;V,7© ♦ c =SS? a ©♦ 

Let o = l, b= 1, then 

r; 2 = 1 + i + Irj +1 1 - !>( 1 ^2r) (l-r)(l-2 r)(t-3r) 

** r 2 r 2 2 . 3 t * O SJ * 4 


2.3.4 r 4 


r 2 r 
+ &c. (71). Thus 

If r=2, then ^2=1 + --i + l-A+l-.^ + &c. 

2 2 3 2 1 2 ? 2 8 2 

r=3 3 /?— i _i_ 1 — ^ 4-^_2.5 2.11 2.7.11 o 

&e. = &c. 

By means of the series marked (A), the rth root of many 
other numbers may be found, if a and b be so assumed, that 

b is 
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b is a small number with respect to a, and T Ja a whole 
number; thus. 

Example 1 . 

Leta = 4, 6=1, r=2, then r J a—J 4 = 2, and we have 
jT + -T=J5 = 2(l + >-Ui 






J 


Ex. 2." * 

Let a=8, 6=1, r=3, then r Jn=*J H — 2, and we obtain 

3 Js~+"i =U 9= ' 2 ( i + —-, 1 , +. A--- 2,5 +&c. N \ 

W ^ \ 3.8 3.8- 3‘.8 3 3.8 1 J 

Ex. a 

Let e=8, 6= — 2, r— 3 , then — = — - = — -, and we have 

a 8 4 

8-2 = ^6 = 2 ( 1 -—— 1 5 -JA -&e.) 

^ ^ \ 3.4 3.4*' 3’.4 3M* / 

The several terms of these series are found by substitut¬ 
ing for a, b, and r their values in the general series marked 
(A)or (B), and then rejecting the factors common to both 
the numerators and denominators of the fractions. Thus, 
for instance, to find the seventh term of the series exhibit¬ 
ing the value of J2, vre take the 7th term of the series 

marked B, which is (ir'K^OO -.?/> 

O ‘1 1 \ I! r fi • 


and since r=2, the fraction is — 


2.3.4.5. «r° 

3.5. T.9 __ __ 7.9 

2.3.4.5JD.2*' 2.4.6 2* 


fsince-=:-N— ———To find the 5th term of 
V 6 2/ 2.4.2.2* 2 

the # series expressing the proximate value of *J9, we take 
the 5tli term of the general series marked (J), which is 

( 1 Tl K - l Z 2r )( 1 ~ ;i .! ')( A\ where a = 8, 6=1, and r=3; 
2.3.4. r 4 \«V 

the value of the fraction is- 

2.3.4.3 4 \8y 3.3h8* 

ob*.—E lA. In this manner each term of the several series 
3‘.8 4 

is calculated. 
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162. These series converge very fast, so that a few 
terms would give the rth root of certain numbers with a 
great degree of accuracy. But a more practical method 
of finding the higher roots of such numbers, is, by making 
the number whose root is to be extracted equal to a r + b, 
and then assuming a + x = T Ja r + b, x being some decimal 
fraction ; for in this case (a+ x'/ — a r + h, and by expanding 
(« + x) r and neglecting all the powers of a: after x~ (being- 
very small compared with the preceding ones) we have 

a r + ra r 'j + r^ r ^ ^u r_ 2 a: 2 ~a T + b ; 

ra r \r + r( - - ^ a r ~V=6 (A) an equation 
from which the value of x may be found in two ways. 


!y arranging the terms, and dividing by 

. , 2ur 2b 2 

x +-= —- s — : ; 

r— 1 r{r— \)a r ~‘ 

- , 2ax , d~ 2h a: 

i' H- + 


I. B\ 

m 

we have 


r — L ' (r^l)' = frr-ija'-' + (r—lj ’ 
and by solving the quadratic, 


H 


- " +. / 2fc i _ 

/■—1 v r{r — l)a r ~ J (r — 

,’nce r Jn r + b—a + x— -a+\/ — - . - ■ + . . 2 , 

r—1 V r [r—\)u T - 1 (r— l) a 

which is Halley’s Rule, (Philosophical Transactions, 1694.) 

II. From equation ( A ) we have x (r a r ~ 1 + r(^ ^.-^n r ~ l x^—b, 

b __ b -_1 \ 

" r,+r c r -^ 1 >‘'" ,T r ~ a %‘ + W^ 

By a first "approximation, neglecting the term which in¬ 
volves x, we have r =——substitute this value for x in 

<rn r ~ 1 


X- 


the fraction 



, and we obtain a second 
B b approxi- 



186 


EXPANSION OF SERIES. 


approximation, which gives x- 


% 


ra 


; r— 1/ /) \ 

° + ~2r tO.' 


and £/a r + 6=<i + r=a + - r _ , 


ra 


/ — r “i7x 

V a+ —L—. 


which is the Rule given by La Croix (Complement 
cTAlgtbre ), and ascribed to Lambert. 

* 

Example I. 

Find an approximate value of the cube root of 67. 

Here 67 = 64 +3=4' + 3; a = 4, 6=3, r = 3; hence, 

| f 

by the first method, o + .r = -ff + \ ' — + — or 67 -= 
J 2 * 3 a 4 " 

v/F- ! 


2 + 


:2+ 2.0615 = 4.0615. 


Ex. 2. 

HI 

Find an approximate value of the fifth root of 30. 

Here 30= 32—2 = 2’—2 ; « = 2, 6=—2, r=5; hence, 

h 


by the second method 


, , h s. 1 \ 

■ H,= " + sr: u\ m 
K "CoC • 


^30 = 2 




77 

— = 1.97 43. 
39 


The method of finding the rth root of certain numbers, 
as exhibited in this and- the foregoing Article, is a matter 
rather of curiosity than practical utility, as the rth root of 
any number whatever may be found with great facility 
by means of Logarithms . This method would be useful, 
however, in an operation where it was required to express 
this root in the form of a vulgar fraction ; as in the last 

Example, where we obtained the approximate value of 

77 

the 5th root of 30 in the shape of the fraction . 
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L. 

On the method of finding the approximate Ratio of the 
Powers and Roots of Numbers whose Difference is small . 


163. Let a + x and a be two numbers whose difference is x , 

then (a+x) n :a*::a n +na n - l z + X ^"- g x 5 + 91 (* 

2 2.3 

a" -3 # 3 * &e.: a n :: (dividing each term of the ratio by o n_l ) 


164. Suppose now that n is not a large number, and that 
ar is very small when compared with a, then the fractions 

1 1 

—, —, &e. will be small also, and those terms in which they 
a a' 

arc involved will be very small when compared with the 
integral part a + nr of the series; in this case, therefore, the 
ratio of (a + a) n : a n approximates to the ratio of a + nx:a. 
Tims the ratio of {a + i ) z : a~ approximates to the ratio of 
a + 2 x : a ; of (a + ar) 3 : a 3 to the ratio of a + 3 3 : a ; &e. &e.; 
or if n=±, &c. then the ratio of Ja + x ; J a approximates 

to the ratio of <z+ : a ; of lja+ x: l]a to the ratio of 

a + : n \ &c. For instance, the ratio of the square 

of 501 to the square of 500 (in which case, a = 500, x = \, 
n — '2) is 502 : 500 very nearly; the ratio of the cube of 62 
to the cube of 61, is 64 : 61 very nearly; &e. &c. Again, 
the ratio of the square root of 501 to the square root of 
500 is 500 -t : 500; and of the cube root of 103 to the cube 
root of 100, is 101: 100, ¥ery nearly. 


165. If the difference between the two numbers is not 
very small when compared with the numbers themselves, 
then the three first terms of the series must be taken instead 
of two, in which case the approximate ratio of (a + x ) n : a " 

becomes that of a + n r*+ ^: a. For instance, let 

2 \a) it 
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it be required to find a near approximation to the ratio of 

U il : IJ\0 , then a=10, ,x-=l, and the approximate 

• 3 

ratio becomes that of 10 + ? ——; 10, or of ——- ? . ?_? : 1®, 

3 90 90 

or of 929:900. By the Theorem in Art 164, this approxi¬ 
mation would be 10-^ : 10, or 31 : 30, i.e. 930 : 900. 

Another method, which gives a much nearer approxima¬ 
tion, is as follows. Let 5 = half the sum of the given num¬ 
bers, and D= half their difference; then (Art.28) the numbers 
themselves will be S + /> and S— 1). Hence the ratio of their 
nth powers is that of .S'" + n S*~ 1 D+ &c.: S n —nS n ~ l J) + &<\ 
or of S + nD+ &c. : n 1)+ &c. and their approximate 

ratio that of S + n J): S—n D. If this method be applied 

21 l 

to the last Example, S=.— f 2> = _, and the approximate 

2 2 

ratio is that of — + I:— — or of 64 : 62, or of 32 : 31, 

2 6 2 6 

which is nearer the truth than that of 929 : 900, given by 
the last method. 


On the method of extracting the nth Root of a Binomial 

Quadratic Surd. 

166. In the expression x+Jy, let x be a rational quantity 
and Jy a quadratic surd, then (x + J ,y)"=x" + n x n ~ l J y + 

n. r l—~x* ~ay + — ^x n ~ 3 yjy + Sic. (P). Let the 

2 2 3 v 

sum of the rational terms in the series (P) be equal to a, and 
of the irrational=pJJ p 2 y, which may be expressed in 
the form J b, Jb being a quadratic surd containing the surd 
Jy. Hence (x+ Jy) n = a + Jb, and n Ja + Jb~x + J y; 
if, therefore, the nth root of a quadratic surd of the form 
a +J b can be extracted, it may be expressed under the 
form x+Jy, whether n be an odd or even number. 
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167. Let Jx+Jy be a binomial quadratic sftrd, in 
which Jx and Jy are surds not reducible to the same 
irrational part, then (Jx + J y) n = 

J + . n-l^A . „n-l«-2 


- , , n—1 - 

Jy + „ t X ■ 


= , n— 1 n- 

y + n . 


n—3 


-x * yJy+8cc.(Q). 


If n be an even number, then the 1st, 3d, 5th, &c. terms of 
the series (Q) are rational, and the 2d, 4 th, 6th, &c * irra¬ 
tional, (Art. 129.) and (*A + 's/y) B may (as before) be ex¬ 
pressed under the form a + %//>, where >Jb is a quadratic 
surd containing the surd Jxy. Hence ( Jx+Jy) n = a + Jb, 
or Ja -f*7/> = jx + Jy ; and, if the nth root of r/ + Jb can 
be extracted, it may be expressed under the form Jx +Jy. 


% 11 Yh —•• 2 

168. If n be an odd number, then -, —£~- t & c . ar efrac- 


.. ,71 — 1 77 — 3 

noils, and —-—, 


2 


o 


See. whole numbers'; 


hence the 1st, 


3d, 5th, &c. terms of the series (Q) will be surd quantities 
involving Jr, and the 2d, 4th, 6th, &c. terms, surd quanti¬ 
ties involving Jy; the series may therefore be expressed 
under the form pjx 4 - qjy=jp 1 x + J<fy> or under the more 
general form J<i+Jb, where J a and Jb are quadratic 
surds involving the surds and Jy respectively. In 

this case, then, (J x + Jy) n =J a + J b, or J j a b 
= Jx + Jy; and consequently, if the nth root of Ja + J b 
can be extracted, it may be expressed under thq form 

J x +Jy- 


169. From hence it appears that the nth root of a+Jb 
may be expressed under the form x+Jy, whether n be 
an odd or an even number; that the nth root of a + J b 
may also be expressed under the form Jx + Jy, when 
n is an even number; but that the nth rodH^of J a +J b 
can be expressed in the form of a binomial quadratic surd 
only when n is an odd number, and then under the form 

Jx + Jfr 
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170* Suppose now that 1ja + ^b*=r +Jy, then a 4- */6= 

2 3 




n— 1 


yjy + &c.; by Art 132, o*■ j* + n. —— *"~ 2 y + &c. and 
Jb=nx n ~ i Jy + n, fl -^ * ~ 3 yJy + &c.; licncc a —Jh 


=x*— nx*~ l Jy + —-x n 


'?/ - «• * 9 1 • \'/ + & c- 


2 " 2 3 

= (jc—Jy) H , or *Ja— J b-x — Jy ; from which it appears 
that if n J^+Jb = T + J/A then will n j7T^Jb = i-J y. 

In the same manner, if n Ja + jj) — Ji + J~y, where n is 
an even number, it may be shewn that J7t~J * — j] 


171 . Let H J'd a + J b = >/r + s/y (n being an odd number), 

, . 2 izl n—l n -?y + 

then V« + Jb = (J x + Jyr^^ + nx ‘ Jy + n. ~ 0 a - 


w.” -i. —? . ^ yjy + 8c c.; hence by Art. 132, (since Jn is 

2 3 . 

a quadratic surd involving Jar, and JA a quadratic surd in- 




»-1 


* jj_ | n -i _ 

volving J y) J a = x “ + n . - -— x * y + &e. and Jb—nx * Jy 

£ 


n—l n — 2 VL 


_ « n — l 

+W.- yjy + fte.; Ja-Jb=i*-nx *Jy 

2 


n —1 — »—1 n—2 

+ ».-*,-z * ?/ — ». - .- 

2 •* *2 3 


n-3 


X i yjy + bc. = (Jx-Jy) n 


or n J^a — Jb — Jx— Jy ;* from which it follows, that if 
n JJa + Jb*=Jx + Jy then n JJa—J6—Jx — Jy. 


172. Suppose now that A + B is a binomial quadratic 
surd, one or both of whose terms is irrational, then, from 
what has biHb shewn, it appears that if A and B. are both 
irrational, the wth root of A + B can be extracted only when 
n is an odd number; but if A be rational, then the nth root 
of A + B may be extracted, whether n be an odd of an even 
. number. 
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number. In the following Rule for extracting the nth 
root of A+B, the two terms are supposed to be so* ar¬ 
ranged that A is greater than B ; and it consists of two 
cases, depending upon the value of A^—B 1 . 

Case I. 

When A 2 —B' is a complete nth power; i. e. when A i —B i 
= or 'U A'—JT— «, « being some whole number. 

Assume l] A -t- B = 4x + Vy ( R), 
then (by Art. 170 or 171.) n J A — B = */x —- (S ); 

n Jl : — -B~(a) = j —y. 

By squaring equation ( R), n JA' + B i + 2 AB=x + y + 2 Jx y, 

.equation (S), n jA ' + B 1 — 2 AB = r + y—2 */zy; 

.-. iPF+B* + 2 J7J+ n Jl' + B -■ -2/1 B =2 x + 2y = some 
whole number. 

Now let n jA* + B' + '2AB=p+f, where p is the nearest 
whole€iumber /cm than the true root, and consequently 
f a proper fraction ; 

and let "JsF+B - 2/177= y—/', where q is the nearest 
whole number greater than the true root, and consequently 
/' a proper fraction. 

Then m j:4*TE 7 +2AB + n JA +B*-2AB=2> + ‘]+f-f 
= 2 j -f 2y=a whole number, 

. •. /—/' = 0, 8) or/=/'; hence n jA Q +B J + 24 B + 

"J A+-B 2 -2 AjT*=p + q\ let p + q=t, then_ 

2 r + 2y=< or j + y= , gf ).*• 2 x= 2 ^‘h tt * y== g ^t 4-2« / b 
but .t —y = aw 2y = g^—aiuW y=^^t 2a. 

Hence n jA± B—*Jx± *Sy=z^*]~t + 2a± ^Jt 2«. 

( a ) Since / and / are both proper fractions, it is evident that/—/' cannot 
be a, whole number, and consequently p+q+f-f cannot be a whole 
number, unless/— or /=/'• 

( b ) For 4ar=»H-2«, .'. 2 N A=*/f + 2«, and a/ *=1 \/t + 2»; in the 
same manner it may be shewn that Jy—b *Jt— 2«. 
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Case II. 

tThcn A’—B 1 is not a complete nth power. 

In this case let C be so assumed as to make (sf — B Z )C a com¬ 
plete nth power, i. e. let (A^B )C=« n , c rZl(A '— B*j( = «; 
then assume 

•J(A + B)\ZC'— s/a + or Z/Xf7J==— r ^^ ; 

n J (A — B)\/C~dx—Jy\ 


or =i — ?/; and, 

^A'+B'+TauJc +y( 7t J + b t — 2 a1T)T =2 r +2 ^—/. 

From which we deduce, as before, 

*J t ± y —% Jt + 2 « ± £ V / — 2 « ; 

. »fTT~l>_A/rdtv^_ JT+2a±dt — 2a 

, - .,Y,i y / 1 


Example 1. 


Find the cube root of 26 + 15 n/3. 


Here ,4—26 ,! .4-_/* v =L676 —675= 1, and *=I, 


B = YbJz \ 


iPt*~d~]V+ 2AB = ^/g 7 6 + 67 5 + 7 S 0*73 = 13 +/, 

S JA- + B l — 2AB — *J6 76 + 6 7 o = 78 Uv/d — 1 -/; 
*= 13 + 1 = 14 . 


Hence J/^4+/i = f */* + 2a + f Jt — 2a— * n/ 16 + * >/l2 — 

2 +V3. 

Ex. 2. 

Find the cube root of 9*/3—-11 \/2. 

Here A= oji ) . and «= 1. 

B=lW2) 

If A 2 +B r +^2AB = *J2 43+ 242+ 198^6 = 9+/, 

*JA' + B 1 —2AB= *J2A3 + 242- 198^6 = 1 —/ 

Hence <=9+ 1 = 10, and f+ 2a—£*/<—2«=^v / 12—J</8 
=a/3-a/2. 
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Ex. 3. 

Find the cube root of 8+ 4 -s/5, or 4^5 + 8. 

Here A* —jB 2 =80 —64=16, which is not a 

J2==8 ) cube number, and the least number which 

multiplied into it will produce a cube number is 4, (,) .*. C=4, 
and (A t —B*) ('—16 x 4 = 64 ; hence « 3 =64, and a=4. 

N ow ZT( sl r +B 2 +2 A B) C= 9 J (SO +6 r+61 V5)~I = 10 +/, 

11 (A 1 + B * — 2AB)( (80 + 64 — 6Wo) 4=2—/; 


/— 10 + 2 = 12, 


i -2 fl •>/ 20 + n/ *3 

" " 2^r~. 2^1 

Hence i/ 4 -v/5 + 8=^."^. 


2 \/.> + 2_*/ 5 + 1 

“ 2^4 y 2 ’ 


(*) In finding the leas# number by which a given number (a) must be 
multiplied so as to fcive a product which shall be a complete nth power, it 
may be observed, that if a be a prime number, it must always be multiplied 
by a n ~ 1 ; thus, there is no other number by which 3 can be multiplied to 
make it a rule number, but 3 Z or 9, which gives the product 27; nor is 
there any other number by which 5 can be multiplied to make it a biquadrate 
number, but 6 3 or 125, which gives the product 625. But if the given num¬ 
ber is resolvable into factors, one or more of which are square, cube, &c. 
numbers, then a less number than a. n 1 will answer the purpose. Thus 
12=3X4=3X2 2 ; and if 3X2 J be multiplied by 3 2 X2, it gives 3 3 X2 3 , 
which is the cube of 3X2 ; i.e if 12 be multiplied by 18 it gives 216 the 
cube of 6. Or in general, if the given number (a)be resolvable into Actors 
«, y> Sec. such that a=* m J3 p yi &c then if this number be multiplied 
by fl»-p y*-t & c . it gives *"/3 n y n Sc c. which is the nth power or 
» & y See- Thus 360=8X 9X5=2’X T 3 X 5 ; here m— 3, p=2, q= 1; 
and if it be required to find a multiplier which should make it a biquadrate 
number, then n=4, n—m=l, n —p=2, n —<7=3 ; hence the mul¬ 
tiplier is 2X 3 2 X 5 s = 2250, and we have 360X 2250=810000, which is the 
fourth power of 2X 3X 5 or 30. If one or more of the indices m, p, q. See. 
be greater than n, then, in finding the multiplier, such multiples of n must 
be taken as to make the indices of all the factors in the multiplier positive ; 
thus if m be greater than n but less than 2n» then the multiplier to be * 
taken is ' n /3 n p y n «, which gives for the product of it and » m P p A the 
quantity « ,n l& n y n , which is the nth power of * 3 A y- 

C c ^ 
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' . LIL 

On the Method of reverting a Series. 

Let x=ay + by' + cy* + dy*+ &e. f where the value of * 
is expressed in a series containing the powers of y ; by the 
reversion of the series is peant such an operation as shall 
exhibit the value of y iif a series containing the powers of x. 


173. Previously to the reversion of a series, it will be 
necessary to shew the manner in which it may be raised to 
any power (n). This is done by separating the first term 
from the rest, and then applying the binomial theorem to 
the involution of the series so transformed ; thus 
(a X + 1 Jr 1 + CJT* + dx i + &c.)*=s«* * + ( bw l + c a- 3 + d ** + &c.)j" 

=a'V + na n ~ l J ,, ~ J (W J + er 3 -\-dx i + - -it"~ ‘a" (t>x- + c.v 3 + & c )• 

+ n Q n - 3 J n - 3 (A .r* + &c .) 1 -t &r. 

n(n — 1) 


. =fl n /rfla ,, ' , / 1 (^' -r ex 1 + da 4 + &£,) + 

+ ——-——a™ -'V ,_3 (6V i + &c.)-f&c. 

2*3 , 

=a n x r ' + «fl n ‘ , c + na n ~ ] d 

+ 5iiLrI^ a «-a 6 s I («--!)«" L 7ic 




',r n ^ ‘ 


+ 


n(n -])(«- 2 ) 
‘2 . 3 ‘ 


i" V| 


174. Let "us now suppose the following equation to be 
true, whatever be the value of x, 

viz. <wc + 6 x 1 + c x 3 + d x i + &c. = ax + /3a:*+ya 1 -fix , + &c. 

then, by transposition, we have 
(fl— a)x + (h — &)x~ 4* (c—y).x + (t/—-8) x* + &c. = 0 (/i). 

Now whatever is true in the original equation, must also 
be true in the transposed equation; but it has already been 
proved with respect to the former equation (Note( b ), p. 178), 
thata=a; b=/8; c=*y; df = J;&c.; hencea—a=0; 6 —>8=0; 
c—*y=0; d— 3=0; &c.; from which it follows, that if an 
equation of the form (B) be true for any value of x, its 
coefficients will all become equal to 0 at the same time. 

175. Resuming the equation x=ay + by 1 + cy* + dy* + &c. 

let 
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let it be required to find the value of y in terms of x. Trans¬ 
pose x to the other side of tire equation, then ay + by* + cy 3 
4-cty 4 4-& c.—x—O. Assume y^ux+.fix* + yx 3 + $x 4 + 8ic .; 
and finding the value of the successive powers of y, by 
Art. 173, we have 

ay =nax+afix* + a yx* + a$x 4 + ik c. 


by 1 — h a V + 2bafi r 3 *4- 2hayx* 4-&c.) 

4- bfi V 4 Sic.) 

cj/ 3 — .... Cadi ' 4- 'ACa fix* 4- &C. ) = 0. 

(hf— . c/«V. 4-&c. 

ike.— .V . . . 4-&c. 

A 


^ *2' wT 

Hence, bv Art. 174, « a — l = 0, or a = - ; 

* u 

afi + ba*= 0, or/8=~ —= — A; 

u a* 


a y 4- 2 b afi 4 - ca — 0, or y 


— 2b afi — Ca 2b — «c.‘. 

a a b 


. * — 2bay—bfi —ACa.fi —da 

2ba y 4- 6/8'4- ;ica*/3 4-a« 4 = 0, or 5 =-J--—— 

a 


— bb 3 + 5 ubu—.rd' 


a 


&c. =&c. 

Substitute these values for «, fi, y, S,lke. then 

_ x b t' j (2 6 2 — « c) 3 * _{ 5 // — 5 a 6 c 4- a 2 <f) a 4 + ^ 

■ y “S ' ” v 

and if «=1, or jr=?/ + 6// 2 +cy + + Ac. then 

y=zx—hr* A- (2b : —c)x* — (5b 3 — 5bc+ d)x 4 +& c. 

176. In the following chaptqj* it will be shewn, that if l be 
the logarithm of the number 1 4 - «. l—n — \n % 4 - i« 3 —i« 4 4- 
&c.; suppose therefore it was required to find the number 
in terms of the logarithm, i. e. to find n in terms of /, then, 
comparing tffe equation l—n s n ^a 4 4-&e. with 

the equation x—y + by‘ 4- cy 3 4- dy 4 4- &c. and substituting / 
for <r and n for y in the equation (A), we should have 
‘n=sl—bl , + ( 2 b 3 —c)l s ~~(^b i —bbc + d) l* 4-&c. 

wher# 





m 


METHOD OP REVERTING A SERIES. 


where 6= — -, c= d— — -; &c.; 

2 3 4 

Hen f ~ b ^l’ 

111 

2b*—c= 

2 3 2.3 

-(5t»-»ic+d)=?-* + i-ii^*®+.. 6 

V ' 8 6 4 • * 24 

&c. = &c. 

7- /•* /* 

U — f- + *r -* &c.; 

2 2.3 2.3.1 

T /• /' /* 

and l + n = l + /+ - + + -— + &c. 

4 2 2.3 2.3.1 


1 

2.3.4* 


CIIAP. XI. 

ON LOGARITHMS. 

AND SUBJECTS CONNECTED WITH THEM. 


LIII. 

Definition and Properties of Logarithms. 

177. In the two following series of quantities, a x , a*', a*", 

a**?&c. (A) \ x, x', x", x", &c. (B ); where a is some given 
number, and x, x, i", x", &c.*any variable quantities what¬ 
ever, the several terms of the series (B) are called the 
logarithms of the several terms corresponding to them in 
the series (A), Thus, if a x =y, «*'=?/» &c. then 

j =*log. y; z'=*log. if ; x"=log. y '; &c. 

178. In adapting the series (A) to the numbers 1,2,3, 4, 
5,6, &c. the given number a must be greater than unity, the 

first 
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first index x must be equal to 0, and the several indices 
x\ x", x'", &c. must keep continually increasing. For in 
this ease, since (by Art. 66.) a°= 1, this series will increase 
from 1 to infinity ; and by properly adjusting the values 
of x, x", ac'",»&e. it is evident that the several quantities 
a*', a*", a*"', &c. may be made to coincide with the num¬ 
bers 2, 3, 4, 5, 6, &c. For instance, let a= 10; then (since 
10°=1 and 10’ = 10), the indices of 10 which would give 
10*', 10 s ", JO 1 "', &c. equal to the numbers 2, 3, 4, 5, &e. 
must be fractions between 0 and 1. 

jSL 

Take for example the number 5. Now 10 9 = 3 J 10* 
= ^100 = 4.64 ; from which we infer, that a fraction (x') 

somewhat greater than -(=.666666, &e.) being made the 

index of 10, would give 10*'=5 ; this fraction is found by 
calculation to be .6989700 very nearly ; hence lo ,t98#TOO ==:5; 
i.e. when «=10, the logarithm of 5 is .6989700. 

179. From hence it appears that the logarithm of any 
given number will depend upon the value of a, and that 
different systems of logarithms would be formed by assum¬ 
ing it equal to different numbers, but that (since a°=l)in 
every system the logarithm of one would be 0. This con¬ 
stant quantity a, from whose powers the natural numbers are 
formed, is called the base of the system to which it belongs. 
But before we proceed to calculate a system of logarithms, 
it will be proper to explain some of their properties. 

180. Let N and n be any two numbers belonging to the 

series (/f); let N (for instance) =a*, and w=a*""; then 
iVn=o*Xa* w =a I+I ""; but by Art. 177, the logarithm, of 
a x+r "" isx-f x"",.*. the logarithm of Nn=x + x""=log. a* + 
log. a*""=log. N +log. it. In the same manner, if n, n', 
n", n'", &c. be any set of numbers belonging to the series 
(A), it might be shewn that the logarithm of n n'n"n &c. 
=log. n + log. n' + log. n" + log. »'" + &c.; i. e. the loga- 
“ rithm of the product of any number of factors is equal 
" to the sum of their logarithms .” • # 
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181. Again,— = -^^==< 1 * but the logarithm of 

N 

=x—the logarithm of— =**x— 1 r""=:log.a*—log.a* 

=log. N —log. n ; from hence it appears thii$, “ the loga¬ 
rithm of the guotient of any two numbers is equal to the 
“ difference of their logarithms ; and that the logarithm of 

IT 

“ a fraction ^^ is equal to the logarithm of its numerator 

“ minus the logarithm of its denominator." If A’ be less 
than 7i, then log. N— log. n is negative ; consequently the 
logarithms of all proper fractions are negative quantities. 

182. Let N=a x be raised to the /nth power, then 
N m —a mx ; but the logarithm of a mx —nix ; hence the loga¬ 
rithm of A n =rax=m . log. «*=?«. log. A ; for the same 

reason, since *^/A" =*A ”•==</*• the logarithm of X=- 

.= -; from which we infer that “ the logarithm of the 

’T/I 

“ with power of„ any number is found by multiplying its 
“ logarithm by m ; and of the with root of any number, by 
“ dividing its logarithm by m." 

183. If the series (A) consists of quantities of the form 

a*, a 1 *, a 3x , o 4 *, &c. a**, then the corresponding terms of 

the series (B) are r, 2 r, 3 jr, 4 x, &c,.» r ; i. e. “ if a series 

“ of quantities be in geometrical progression, their loga- 
“ rithms will be in arithmetical progression.” 

LIV. 

On the Method of finding the Logarithm of any given 

Number . 

184. Let 1 + n be any number in the common arithmeti¬ 
cal scale, and x its logarithm, .then. Art. 177, a*= 1 -f ”; 
and let o==l + b ; then, to find the logarithm of 1 +n, we 
have only to solve the equation (1 + &)*= 1 + «. where x Is 
die unknown quantity. 


Let 
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Let both sides of this equation be raised to the power k, 

%n {l + b) k *-(l + n)\ or 

* , 2 2.3 

rejecting 1 from each side of the equation and dividing by h, we have 

Jf. , , (Aj \)(h.r —2) , \ A-l (h-])(h-2) , , r 

*V + 2 fi-+ -* +&c. j=n + —»'+--—V + &C. 

Now let h~ 0, and we have 
x if 1 ~ 2 b* + ] 6 ' 1 —\ b* + &c .)=n — t j-n' -f 1 n *—^ n* -f &c. 

or ^lo S .(l + „)=^ + jVrjV+'&cT 

* _ ?? — -J ?? 5 +1 a' 1 ~l n 1 -f &e. 

{«— ij-i)*+i(«—i) 3 -&c. 

* # =M(n—bv + lv*— *n 4 + &c.), if we make 

——- 1 - vr —-— equal to M. 

(" - 1) - l (« - 1 )‘ + - 1 ) -&C. 


185. But the series whieh thus expresses the value of i 
in terms of n, will either diverge, or not converge so quickly 
as to make the summation of a few terms of it a sufficient 
approximation to that value; unless n be a fraction of a pro¬ 
per degree of smallness. Let, therefore, n —.. . where 
N may be any number greater than 2, then 
J + l 

H-« = _A r -i = jv 
1 —n . 1 N—2 

A-l 

and log. (1 +n)—log.(l—n)=log.A T —log.(A 7 —2). 

Now log.(l + n) = 3/(n—Jir + ^n 3 —^n 4 + }n s —&c.) 

and pbstitutingy og _ Jl ) = ) 


Hence, 
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Hence, by subtraction, log.(l + ?<)—log.(l ~n)=2M(n -t--*/)' + jn s + lk c.) 
or log. AT-log.(A'-2)=2 I V( x i- i + , j( A .|_ 1} , + 5( ^+&••) 

from which we have 

log . A=2.l/(^ + - 7v *_ i; + ^ )i + *,) + lo K .<tf-,) 

which is a very commodious series for constructing a table 
of logarithms, when some value has been assigned to M, 


LV. 


On the Method of Covstrudiny Loyarithmic Tables. 


186. Since a* may be arbitrarily assumed, let us first 

suppose it to be such that ! 

n (o-l)--J v o-lr + i v o-lj 3 -,Vc. 

(or M) — 1; in which case the equation in the foregoing 
Article becomes 





i>; .\ 
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But since A T must be some number greater than 2, wr 
must find the logarithm of 2, before we can proceed to the 
actual calculation of a table of logarithms. Now this may he 
done by making A T = 4 in the first instance, for then we have 

log. 4=log. 2‘= 2 log. ! . il+ .! + vNc. \ + log. 2 , 

and by subtracting log. 2 from each side of the equation* 
we have 

log. 2— 2(1 +- \ +&c. to 7 terms\=0.69314 72, 

i!hJ JiiJ * 


Having thus obtained the logarithm of 2, we are enabled 
to construct a Table of logarithms, by substituting in the 
foregoing series all the prime numbers for A r in succession, 
and availing ourselves of the properties of logarithms for 
finding the logarithms of all other numbers. Thus, 


log. 
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l<>£. 

i =.,... 0.0000000 

=... 0.6931472 


3 — 2^i + - I- 4- 4- &c. to L 0 terms^ 4- log. 1 (0) = 1.098612 3 


4 

= 2 log. 2 . . . 

• ■ 

■ • 

m % t 



5 

-*(i 

+ - ( + 
3.4 

l 

5.4 

L + 

&C. 

to 6 terms^ 

| 4- log. 3 

6 

=log. 

3 4 - log. 

2 

■ • 

. . , 

. 


7 


4 — L- 4- 

1 


1 

Wlog. 5 . 



V 6 

3 6 

5 .6 


7.6' 



8 

= log. 

t 4 - log. 

9 

%r 

log. 

2’ = 3 log. 

2 . 

9 

= log. 

3* = 2 log. 

3 

• • 



in 

= !og. 

5 4- log. 

2 

■ - 

■ • 

. 

.. 


Ac. — ike 


= 1.3862944 
= 1.6094379 
= 1.7917595 
= 1.9459101 


= 2.0794415 
= 2.1972216 
= 2.3025851 
=&c. 


A sufficient number of terms has here been made use of 
to make the logarithms true to 7 places of decimals. This 
particular system of logarithms (viz. where jJ/=i) are 
called A "iipii r's logarithms, from their inventor ; and thev 
are also called Hyperbolic logarithms, from their con¬ 
nection with the quadrature of the equilateral hyperbola. 


1S7. r /o lind the hose of this system of logarithms, let log. 
(T + 7 ?)=/. then (since il/=l\ l=n — J/r + 4 - &<*., 

and reverting the series by Art. 17(>, we obtain 

7- 7 3 75 

1+n—1 + /+ - + — 4-h &c. 

2 2.3 2.3.4 


but since a'--a, the base of any system of logarithms is 
that number whose loynrifhm is 1 ; if therefore in this series, 
which expresses the value of the number in terms of the 
logarithm, we substitute 1 for /, we shall immediately 
obtain, for the base of this particular system, the series 


1 + 1 4' - 4* — —-4" &c. 

2 2.3 2.3.4 


= 2 . 7182818 , by actual calculation. 

D d The 
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The constant multiplier Af is called the Modulus; hence, 
in that particular system of logarithms whose Modulus is 1, 
the base is 2.7182818. Call this.number e, and the loga¬ 
rithms of the several powers of e (viz. e,eV,e 4 , &c.) 
being 1, 2,3,4, &c. we might have interposed in the pre¬ 
ceding Table 

Log. 2.7182818 _ *1.0000000 

Log. 7.3890559(being the square of 2.7182819)=; 2.0000000 
&c. =&c. 

The numbers whose logarithms are 1,2,3,4, &c. in this 
system are, therefore, decimal numbe^. 

188. In the common system of logarithms, which are much 
more convenient for ordinary arithmetical operations than 
the Napierian,, or Hyperbolic logarithms, the base er= 10; 
hence a 2 = 100,a 3 = 1000, « 4 = 10000, &c., and the numbers 
whose logarithms are 1,2,3,4, &c\, in this system, are 10, 

100, 1000,10000, &e. To find the logarithms of the inter¬ 
mediate numbers, i.e. to construct a table of logarithms of 
this kind, we must find the value of M when a— 10. \Y liich 
is done thus, 

In a system whose Modulusis M, log.( 1 + n)= M(n n s + j n*—] n 1 + &c.) 
In the Napierian system, log.(l + n)=n — + In 3 — i« 4 + &c. 

Hence log. (1 + n) to Modulus A/= M x Nap. log. (1 + n). 

In the common system, let 1+ 71 = 10, then 

log. 10=MxNap. log. lo 

or 1 = M x 2.30 25851, see Art. 186. 

M= _ 1 -=.43429448. 

2.3025851 


• For the actual construction of a Table of common loga¬ 
rithms, we must therefore substitute this value of M in 
the equation at the end of Art. 185, which then becomes 


Log.N=.80858896(_L + __U yi+& o.) + lo g .(iV-2); 

and it is by the substitution of all the prime Numbers in 
succession for N in this expression, that the following 
Table is calculated. 



LOGARITHMS. 


203 


Log 


2= .8685889 g( I + -i_ + _L + &c. to 7 terms') {a, =0.3010300 
V3 3.3 s 5.3 4 ) 


3 = .86858896f ^ + -i- J + + &c. to 10 terms} = 0.4771.213 


4 = 2 log. 2 .=0.6020600 

5 = log. log. 10 — log. 2=1— log. 2 . . . =0.6989700 

•6 = log. 3 + log. 2 .0.7781513 


f l+ 1 3 + 

1 4 + 

-L,) 

V6 3.6 3 

5.6 

7.6V 


8 = log. 2 3 = 3 lot)-. 2 

9 = log. 3* =2 log. 3 

10 = . 


= 0.8450980 

= 0.9030900 
= 0.9542425 
= 1.0000000 


11 

— 

.868588961 

f-L+ 

1 ,+ 

1 

5+io 



1 

^10 

3.10* 

5.10 1 

V 

12 

— 

log. 3 + log. 4 . 

m • « • 

1 ,+ 

* ■ 

1 

• • • » 

13 

— 

.86S58S96/ 

'1+ 

5+io, 




-12 

3.1 2 

5. 1 2' 

V 1 


= 1.0413927 
= 1.0791812 
= 1.1139434 


14= log. 7 +log. 2 .=1.1461280 

15 = log. 5 4- log. 3 .=1.1760913 

16 = log. 4‘ = 2 log. 4 .=1.2041200 

17 = .8§858896^— + ^ + log. 15 . . =1.2304489 

Vl6 3.16* 5.16V ® 

18 = log. 9 +log. 2 .=1.2552725 

19=.86858996(l+^3+^,)+Iog. 17 . . =1.27S7536 


20 = log. 10 +log. 2 .=1.3010300 

21 = log. 7+log. 3 .=1.3222193 

22 = log. 1 1 +log. 2 .=1.3424227 


23 = .8685S896f-i-+——,+ 1 /J + log. 21 . . =1.3617278 

The next number which requires calculation by means of 
the series, is 29; and from this number to 400 inclusive , two 
terms of the series are sufficient to make the logarithms true 
to 7 places of decimals. After 400, one term is sufficient; thus 

* log- 


( a ) See Art. 186. 
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log. 401 - • 8()S5S - 8< — + log. 399 = .00‘21714724 + 2.6009729 

= 2.6031 11 1 (very nearly); and in this manner the table 
might be continued with great facility to any extent, by 
means of the logarithms previously calculated. For the 
most expeditious manner of dividing the number. 86S5$S96 
by the denominators of the several fractions composing 
the series, and for the manner of using logarithmic 
tables, the reader is referred to the Preface annexed to 
Dr. Hutton's Tahirs. 


189. Since log. 1=0, log. 10= 1, log. 100 = 2, log. 1000 = 3, 
&c., it follows that the logarithms of all numbers be¬ 
tween 1 and 10 will be some decimal number less than 
unity; between 10 and, 100, sonic decimal number be¬ 
tween 1 and 2 ; between 100 and 1000, some decimal 
number between 2 and 3; &e. &e. The uhnlr number 
annexed to the decimal is called the index or characteristic 
of the logarithm; and consequently for all numbers be¬ 
tween 10 and 100, the index is 1; between 100 and 1000 , 
the index is 2 ; between 1000 and 10000, the index is 3 ; 
&c. &e. From the circumstance of log. 10=1, it also 
follows that the logarithms of all numbers in decuple pro¬ 
portion involve the same decimal number, and differ only 
by their index. .«* 

Thus, Log. 1132 .=3.0538 164. 


Log. 

113.2=log. 

1132 , 

-= log. 

10 * 

Log. 

11.32 =log. 

113.2 . 

-= log. 

10 

Log. 

1.132=log. 

11.32 . 

--=log. 

10 b 

Log. 

.1132=log. 

1132 =log. 
10 6 

Log. 

.01132=log. 

10 

Log. 

.001 l32=log." 

01132 , 

-=log. 

10 


1132—1=2.0538464. 
113.2 — 1 = 1.0538464. 
11.32—1=0.0538464. 
1.132—1 = 13)538161. 
.1132—1=2.0538464. 

_ (a) 

.01132—1=3.0538464; 


where 


O The index of a logarithm may in all cases be determined by the fol¬ 
lowing simple Rules;— 
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where the negative sign is placed above the index of the 
last three logarithms, to shew that it does not extend 
to the decimals, which are supposed positive. Thus 
3.0538464 means —3+ .0538464, or —2.9461536. 

190. The foregoing property, belonging to that parti¬ 
cular system of logarithms arising out of the supposition 
of the base a= 10, is not only of great practical utility in 
their application to arithmetical purposes, but also very 
much facilitates the construction and use of the tables 
founded upon that system. Since the same decimal loga¬ 
rithm always applies to a number consisting of the same 
digits, it follows that, in the construction of a table of 
common logarithms, it is only necessary to register tHe 
digits of the number and the decimal logarithm in parallel 
columns; for the index of the logarithm may always be 
determined from the actual value of the number; and, 
rice versd, the actual value of the number may always be 
determined from the index of the logarithm. For in- 

n 

stance, in the common tables where the logarithms are 
registered for all numbers consisting of five figures, the 
decimal logarithm belonging to the number 9S637 is 
.9010399; if this number be a whole number, then, since 
jt consists of 5 integral digits, we know that its logarithm 
is 4.9940399 a decimal point be placed before the last 
figure, then the value of the number is 9863.7, which 
has four integral digits, and therefore its logarithm is 
3,9910399 ; if a decimal point be placed before the last 
figure but one, then the number is 986.37, and its logarithm 

2.9940399 ; &c. &e. On the other hand, if the logarithm 

1.9940399 was given to find the corresponding number, 

then 


i. If the number he integral, with or without decimals annexed, the 
index of the logarithm will be one less than the number of digits in the 
integer. 

ii. If the number be a proper decimal fraction, the negative index will 
be equal to the place of the first significant digit after the decimal point. 
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then, since the decimal part of it belongs to the digits 
98637, and since from the index of the logarithm we know 
that the number has two integral digits, the figures 98637 
must be pointed 98.637; &c, &c. The utility of this 
system was so obtious, that the tables for ordinary pur¬ 
poses w r ere founded upon it, very soon after the invention 
of logarithms. 

LVI. 


On the application of Logarithms to Complex Arithmetical 
Operations, and to the solution of Exponential Equations. 

191. Logarithms are of considerable use in the ordinary 
operations of multiplying or dividing one large number 
by another; but it is in the raising of powers, and the 
extraction of roots, and m their application to complicated 
numerical expressions, that their utility most plainly ap¬ 


pears. 

Example 1. 

Find the 5th root of 2593. 

By Art. 182, the logarithm of the 5th root of 2593 — 


34138 - ° £j= .6827605 = log. 4.R168 
5 5 

root of 2593=4.8168. 


the 5 th 


* Ex. 2. 

Find the value of the fraction 2 * ^ 

By Art 181, the logarithm of this fraction is equal to 
the log. of its numerator minus log. of its denominator. 

By Art*. 180,182, log. 2 70 x 3 T x 2.0 1 3= 20 log. 2+7 log. 3 + log.2.01 

.and, log. 17 X 9350= log. 17 + log. 9350/ 

Now 20 X log. 2=6.0206000 ..log. 17 = 1.2304489. 

7 xlog. 3=3.3398491 . . log. 9350=3.9708116. 

, log. 2.013=0.3038438 

By addition =9.6642929 (A) 5.2012605 (B ). 

Subtract ( B ) from (A), and we have 4.4630324, which 
is the logarithm of 29042, the number required. 
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Find the value of J 

V 251 

Call the numerator of this fraction (TV), and its denomi¬ 
nator (n ); 

Then, by Art'. 181,182, log. of. 5 /E=]2Sjf^}2Si 

V 71 5 

Now log. (317)* = 2 X log. 317 = 5.0021186. 
log. J3 — % X-log. 3 = 0.2385606. 

log. *J 5 = *xlog. 5 = 0.2329900. . * 

5.4736692 = log. N. 
log. 251 = 2.3996737 ; 

.*. 3.0739955 = log.A'-log.n. 


Hence — 3.0739955 _ Q 6 j 4799 j whichig thfl 

5 5 

logarithm of 4.119, the number required. 

Ex. 4. 

Find a fourth proportional to the 6th power of 9, the 
4th power of 7, and the 5th power of 5. 

rfi v 5 s 

Let x=the number required, then 9“: V :: 5 6 : x= ———; 

II 

log. sr=4 log. 7+5 log. 5 — 6 log. 9 ^ 3.3S03920 + 
3.4948500 —5:7254550=1.1497870 = log. 14.118; hence 
x= 14.118. 

192. Equations into which the unknown quantity enters 
in the form of an index, are called Exponential Equations ; 
and are solved by means of Logarithms, as in the follow¬ 
ing examples. 

Ex. 5. 

Find the value of x in the equation a? = b. 

Taking the logarithm of the equation a*—b, we have 

jc.log. a=log. b, ; thus, let a = 5, b— 100, then 

, log. a . 

• a* c* log. 100 2 . 0000000 _a ofii 

m the equation 5*= 100, *=-J^ = 5 -^ r --2.861. 
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Ex. 6. 

* To find the value of x in the equation a 6 *—c. 

■ 

Assume ,a) 6* = y, then a v =c, and y.log, a = log. c, y= 
log”a’ ^ ence = (which let)=c6 Take the logarithm 

of the equation b x —d, then (by Ex. 5.) ac=-^ f; thtfsj let 

1op\ it 


log. it 

a = 9,6=3, c= LOOO.then hi the equation 9'* = 1000 


log:, r 
logr.f 


Iggjooo =3 ' 14(=J) a.id I = Io ^= 1,, s-a.u = ..j)W !.a »o 

log. 9 log. 6 log. 3 .1771213 


'6 
= 1.04 


31 X 33 X 253 X 315 


Ex. 7. Find the value of 

35 x 357 

Avswku, 0570.1. 

Ex. 8. Divide the 20th power of 2 by the 12th power of 3. 

A\s\v. 1.973. 

Ex. 9. Find a third proportional to 117 and 3 J 137. 

Answ. 10.252. 

t? p 1 j i ff <7935 X Vl 1 X II 100 

Ex. 10. rind the value of - ^ 

^2 

Answ. 3.339 3. 


1 / -f 


-- e. 


Ex. 11. Fii^ the value of x in the equation 

Answ. 

log. b 

LVII. 

On the Summation of Geometric Series. 

193. Logarithms are found very useful in ascertaining 

the value of S in the equation or a - - lT ~, where 

n is not a very small number. 

Example 1. 

3 9 27 

Find the sum of 20 terms of the series 1, —, &c. 

2 4 8 


(*) In considering the nature o! an exponential of the form a 6 *, it must 
be recollected that it means a to the power of it r , and not a b to the power of <r. 
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Herea=l . ) 


lx (i) - 1 ; 

3> \ 

-=2x( 

5* - 1 ) 

3 , V; 


• Now log. ^?y”=20 X log. ? 

= 20 x(log. 3—log. 2) 

= 3.5218260 =log. 3325.263; 

o JW 

(j.) =3325.263. 

Hence 5=2 x (|j"°—1)= 2 * 3324.263 = 6648.526. 


Ex. 2. 


Find the sum of 10 terms of the series 1, &c. 

6 36 216 


Here a = 1 
5 

r ~6 
n = 10 


a—ar 

I- 

1 —r 


• ,_1 X ( 6 2 )’ , sl‘\ 

-=-^5—=- 8x 0-i l )■ 

6 


Now log. = io x log.-. 


V6/ 6 

== 10 X (log. 5 — log. 6.) 

= 10 X —.0791813, 

= —.7918130. 

= .2081870—1.0000000. 

=log. 1.6150—log. 10. 

( b S -=.1615. 

V6/ 10 

Hence 5=6^1-5!' <> )=6(1-.1615)=5.031. 

194. If the sum of the Series, the common ratio, and the 
first term be given; the number of terms may be found^ 
thus (See Art. Ill); 

E E 


Since 
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Since rS— S= 
By transposition , nr n — 

and r" = 


ar n —a; 


rS-S + a, 
r S-S + a . 


a 


log. r" or n X log. r=log. (r S— S +• a)—tog. «. 

Hence n= , <>S-(-'S , -S' + «) r Tg J , 

log. r 


Ex. 3. 

- The sum of a geometric scries is 6300 , its first term 2, 
and common ratio 3 ; What is the number of terms ? 

Here S=0 360 j ^__log. (rS—S+ r/) — log. 

a = 2 > log. /• 

r=3 J _log. 13122 —log. 2 

log. 3 

^3.S 169700 
“74 771213 

Ex. 4. A servant agreed to serve his master for one year 
(13 months,) at the rate of sixpence for the first month, a 
shilling for the second, two shillings for the third , and so 
on; What had he to receive at the end of the year? 

Answer, 201/. l.Vv. Or/. 


Ex. 5. Find the sum of 11 terms of the series, 1 


■j 2 .) 

4’ 16’ 


, &c. 


Avsw. 12.566. 


Ex. 6. The sum of a geometric series is 1023, the first 
term 1, and common ratio 2 ; Find the number of terms. 

Answ. 10. 


Ex. 7. A person undertakes ajourney of 364 miles, going 
one mile the first day, three the second, nine the third, and 
•so on; When will he arrive at his journey’s end ? 

, Answ. fn 6 days. 
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LVIII. 

On Compound Interest . 

Let (P) be the principal or. sum put out to compound in¬ 
terest ; (r) the fraction which expresses the rate of interest 
per cent. (*); (A) the amount at the end of ( n ) years, the in¬ 
terest being paid yearly ; Then the following Theorems 
may be established, by means of logarithms. 


Theorem 1. 

195. “ Log. A— log. P -f- n x log. (1 -f r). ' 

For since £.1, at the end of the first year, becomes 1 + r, 
and that the amount is increased each year in the same 
ratio, we have, by the rule of proportion, 

1 : I -fr::P : P( 1 + r) = amount ofPat end of/?rs£ year. 


I : I -f /•:: P( 1 + r): P( 1 -f r) ? = . second year. 

1 : 1 + r .: P( I + r)': P(l -f rj= . third year. 

ike. & c. 


So that, at the end of n years, the amount is P(1 + r)". 

Hence A=P (l +r) n ; 

and, taking the logarithm , log. y/=log. P + n xlog. (L -f r). 


From thence we deduce 

Log. P=log.vf — n xlog.fl + r). 

r i . \ h)g. A — log. P 
Log. l-fr)= ° ; 


, log. jl — log. P 
and n = ” - ■. - \ ' 

log. (Id- r) 

Any three of the quantities A, P, r, n, being given, the fourth 
mav therefore be found. 

* 

Theor. 2. 


196. “Let A—m P, then n— -—— v 

log.(l + r) 

For, in this case, i»P=P(L +r)”. 

Divide by P. then ?a=(H-r)". 

Take 


(*) That is. the fraction which expresses the ratio of the interest to the 

principal Let the interest, for example, be 5 per cent; then this frac- 

* 5 1 

tion (r) will be or r 
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Take the logarithm, log.m = n x log.( l+r);.-.n= 

By means of this Theorem, we .ascertain the period or 
number of years in which » sum of money would double, 
treble, &e. or amount to m times itself, when put out at 
compound interest, at r rate per cent. 

Tiit:or. 3. 

197. “ Suppose the interest to be paid half yearly, and 
“at the same time converted into principal , then will 
“ log . A—log. P. + 2nx log.(l+$ r)." 

For in this case, 2 n must be substituted for n, and for r. 

Hence, at the end of n years, A=P(l + fr) s "; 
and, taking the logarithm, log.^4 = log. P + 2n x log.(l + ^r). 

. Theor. 4. 

198. “ Suppose now, that besides the interest being con- 
“ verted into principal at the end of every year, the sum P is 
“ at the same time invested in capital ; then the amount (A), 

" at the end of n years , will be (if R~l -f-'r/’ 

In this case,the principal (P)is put out for n, n—1, ri —2, 
&e. years, in succession ; the amount tljprefore is the sum 
of the several amounts of (P) put out for n, n — 1, n— 2, 
&c. years; 

^ = P(l+r) n + P(l+r)"-'+P(l+r)"- ! + &c. + P(l+r). 

=(if l + r=P)PP" + PP- 1 + PK*- a + &c. . . . +PP. 
-!»(*■+B- + R-&c..+«)■ 

= P y.(Geo.¥rog. first term R, common ratio R) 3 = ' ' 

_P R (R *- Q 

Example 1. 

What would be the amount of 200f. placed out for 7 
years, at 4 per cent, compound interest ? 

.*. byTn.l.log./4 = Iog.P + n x log.(l + r). 

= log. 9i0 + 7 x log. 1.04. 

= 2.4202631. 

= log. 263.18. 

= log. 263. Is. 

Hence, A = 263/. 3.v. 7 pi. 


Here P=200 
1 

T ~~ 25 

1 4 - r— 1 + - 

<2 

= 1.04 
n = 7; 




.COMPOUND INTEREST. 


213 


Ex. 2. 

How much money must be placed out at compound in¬ 
terest, to amount to 500/. in 12 years, at 5 per cent. ? 
Here A= 500 \ 

1 By Th. 1.log. P=log. A—nxlog.(l+ r). 

=log.500 —12 x log. 1.05. 
=2.4446984. 

=log. 278.418. 

Hence, P=278l. 8s. i&d. 




20 

1+r=1+ io 

—1.0.3 
n— 12. 


Ex. 3. 

At what rate of interest must 400/. be placed out, that 
it may amount to 569/. 6s. 8d in 9 years, at compound 
interest ? 


£ * d. 

Here vl=569.6.8. 
P— 400, 
n — 9. 


I 


By Th. 1. log. (1 + r )^ 


n 


_log. 569.33—log. 400 

9 

=.0170338. 

=log. 1.04 =log. (l + iy 


Hence 1 + r= 1 -f —; 

25 


.*. r= 1 , or the rate of interest is 4 per cent. 
25 


Ex. 4. 

In how many years will 500/. amount to 900/., at 5 per 
cent, compound interest ? 

Here ,4=90(0 ^eor.l. 


P—500 
1 S 

r—- 

20 

1 +r=1.05.| 


By 


log. (1 + 0 
__ log. 900—log. 50 0 
log. 1.05, 

== .2552725 s _i 2 0 4 y ears 
.0211S93 
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Ex. 5. 


In what time will a sum of money double and treble itself, 
at 5 per cent, compound interest ? 

By Theor. 2. ^since r= 


20 ' 

If m =* 2, then time of douhling = 2 


.3010000 


log. 1.05 .0211893 


= 14.2 years. 


m 


log. 3 .1771213 

= 3.of trebhnq*=z~- ® = =22.:) years. 

J log. 1.05 .(^11893 


Ex. a 

Supposing the interest to be paid half yearly, what will 
be the amount of 500/. in 8 years, at 5 per cent, compound 
interest ? 

Hue / —500 By TIl. 3.log. J = log. P + 2n x log.( I + * r). 

r= — =log. 500 + 1G x lo<'. {J .02 j 

= 2.870552 l=log, 7 12.25. 

1 + , = 1.025 „ . r n 

Hence J=712/. 5,v. 

)i = 8. 

Ex. 7. 

Suppose a person to place out annually 100/. for in suc¬ 
cessive years, and suffer the whole to accumulate at tin* 
rate of 5 per cent, compound interest; What sum would 
he have to receive at the end of the tenth year? 

Here P= 100 j by Theor. 4, 

7?=1.05 A PK(IP — I) __ 105(103: 10 - 1) 
n=10; R— 1 .05 

= 2l00flTb? -1). 

Now log. (1.05)‘°=10 xlog. 1.05. 

= .2118930. 

= log. 1.6289; (1.05)'°— l=.t>2S9. 

Hence ^4 = 2100 x .0289. 

= 1320/. 13.?. 9jd 

Examples for Practice# 

Ex. 8. What would be the amount of 1000/. placed out 
at compound interest of 5 per cent, for 10 years? 

* Answer. 1028/. 18?. 
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Ex. 0. What sum jnust be placed out at compound in¬ 
terest, at 4 per cent., to amount to 2000/. in 15 years ? 

Answ. 1110/. 10$. 

Ex. 10. At what rate of compound interest must 518/. 6s. 
bo placed out, to amount to Goo/, in 3 years ? 

Answ. 5 per cent. 

Ex. 11. In how many years will 200/. amount to 318/. 

1 6s. at 6 per cent, compound interest ? 

m Answ. 8 years. 

Ex. 12. In liow many years will a sum of money double 
itself, at 4 per cent, compound interest? 

Answ. 17.6 years. 

Ex. 13. Find the amount of 1200/. put out to compound 
interest at 6 per cent, for 10 years, the interest being con¬ 
verted into principal every hoi/ year. 

Answ. 2167/. 6s. 

Ex. 1 1. Suppose a person to place out annually the sum 
of 20/. for 40 successive years, and suffer the whole to ac¬ 
cumulate, at the rate of 5 per cent, compound interest; 
What would lie have to receive at the end of 40 years? 

Answ. 2536/. 16s. 

A 

LIX. 

On I he Method of finding the Increase of Population in 
any Country , under given circumstances of Births and 
Mortality. 


199. “Let (P) represent the population of a country at 



proportion of births in a year; then, if (A) represents the 


“ state of the population at the end of (n) years, log. A =* 
“ log. P + nx log. (1 + — 


4 
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The rate of increase of population in one year =-j — - = 
, » . b m 

m ;1:1 + —- :: P : P (1 + — r W state of the po- 

V mb / 


mb 


mb 


pulation at the end of the first year. 

But it is increased every year in the same proportion; 


1:1+ in . A :\P( 1 +— f) \ : p( 1 + — «state of the 

population at the end of the second year. 

In the same manner we may prove, tlMf the state of the 

population at the end of (n) years will be P ^1 + ^ ~ j . 

m—b>* 


Henc 

V mo / 


and log. ^(=log. P + n xlog. (l + ~ 

From which we deduce. 

Log. P=log. A -n x log. (1 + 

n _lo g. /1-log. P 
m—b 


\o g (i+ , !^)JetjtdsL p . 


Of the quantities A, P, m, b, n, any four being given! the 
fifth may therefore be found. 

Example 1. 

Suppose the population of Great Britain in the year 1800 
to have been ten millions ; that ^th part die annually; that 
the births are to the deaths as 40:30; and that no emi¬ 
gration takes place during the present century; What 
will be the state of its population in the year 1900? 

Here P=10000000 \ Now log.A=log. P+n xlog.^1 + 


n=100 
m=40 
6—30; and 
m—b__ 121 
mb 120 


= log. 10000000+ 100 xlog. 


121 

120 


= 7.3604200 
-log. 22931000. 
Hence .4=22931000. 
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Ex. 2. 




Suppose the population of France, in the. year 1792, to 
have been 27000000 ; the ratio of mortality duringthe I8th 
century to have been £th, and the number of births .^th; 
What was the state of its population in the year 1700 ? 


Here A=27000000,) 
n = 02 
m = \ 10 
b=26 

. . . rn — h 196 

—— = - — 

m b 1 0 5 


Log. P= log. A — n x log/1 + 7/1 / )S \ 

' mb / 


196 

195 


=log.27000000-92xlog. 

= 7.2269858 

=log. 16S64980, nearly ; 

P~ 16864980. 

Kx. 3. 

Suppose the population of Nortli America to have been 
five millions in the year 1800; In how many years will it 
amount to 16 millioi^ taking tlie ratio of mortality at £th, 
and the annual proportion of births at £th? 

Here A— 16000000 
F = 5000000 


w== log. ^ 


-log. P 


m 


m— 15 
h—2\ ; 
-b 367 


lo 




log. 16000000—log. 5000000 


mb 360 


og. 


367 

360 


.5051500 


= 60.39 years. 


.0083636 
Ex. 4. 

The population of a province, in the year 1760, was esti¬ 
mated at 500000 persons; in the year 1800, it amounted 
to 720000; from the bills of mortality it appeared, that, 
upon an average, £,tli part of the population had died 
annually; no register had been kept of the births ; What 
was the annual proportion of them during this period ? 


Here \ 
>4 = 720000 I 




log. A 


-log. P 


n 


P= 500000 > , . 50 — b\ log. 720000 — Iog.500000 

m—50 l° r ^ 0 + -5 W) = -45- 

= .0039590 = log. 1.009. * 


50 
= 40. 




Ff 


Hence 
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Hence 1 -f 50 , ^ 1.009=1-+- 

50 h 1000 


and 


50 —5__ 9 

9fc b 100~0 

50000—10006=450 A, 


j 50000 0 . . 

or b=- -=34.4. 

1450 

The annual proportion of births, therefore, was about /,th. 


200. But “ in any country, under given circumstances of 
“ births and mortality, the fraction is always a given 
“ quantity; Let it be represented by;; then the relation 
“ between the four quantities, A f P, p, n, is expressed by 
“ A=P (l +-;)". If A—mP, we have mP—P (1 or 
“ m=(l +p) n ; and taking the logarithm, log. jn — n x log. 
“ (1 Hence we deduce the .vtx^pllowing formula"." 

Log. A — log. P + u log.(l 

Log. p=log. a — n log.^i +- -y 
log. A — log. P 

log. ( I + i) 


I. 

II. 

III. 


IV. 

V. 


Log. (1 + 1 

log. m 


log. (l + ■) 


for finding the period 


in 


which the population would be increased m times. 

VI. Log. (1 +• i ^ — , for finding the rate (1^ at 

which the population would be increased m times in n years. 


The following Questions are intended to illustrate the 
use of these formulas, in the order in which they stand. 

\ 

Question 1. 

Suppose the population of a country to begin with six 

persons, 
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2*9 

persons, and to increase annually by ,4th of the whole; 
Wh at will be the state of its population, at the of 200 
years? Answer, 1106448 pefsons. 

Questioner 

If (as stated in the 3d Example) the population of North 
America was five millions in the year 1800, and the rate 
of increase has been j^th for 50 years previous ; What 
was the state of its population in the year 17^0? 

Answ. 1908930 persons. 

* Question 3. • 

Suppose the population of an empire to be 40 millions, 
and the annual increase ^.th ; How long will it be before 
it amounts to 50 millions ? Answ. 43.6 years. 


Question 4. 

What must be the rate of increase, that the population 
of a country' may be changed from 1106400 persons to 
five millions, in 100 years? Answ. About Ath annually. 

Question 5. 

Jiv means of the formula v= ; verify the 

i + i) 


following Table. 


lo S-( 


' 

1 

V 

Period of ; 
(louhliny. 

Pe riod of 
i rchfiny. 

Period of being increased 
10 times. 

1 

120 

\ 

83.5 years 132.3 years 

i 

277.4 years. 

1 

52 

1 

36.3 years 

I 

57.6 years 

120.8 years. 


Quf.stion 6. 

What must be the annual increase of population in any 
country, that it may double itself every century ? 

Answ. Between d and -4—tli. 

143 144 
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201. Supposing that a census of the whole population of 
a country is taken every n years, and that it is found to 
have increased it per cent . during that interval, then if P 

represents the amount the population at the commeribe- 

•nP 

ment of the n years, P-k -will represent the amount of 

the population at the end of the n years. 

1 

If the annual increase be -, then (bv Art. 200) the amount 

P 

1 


of 


the population at the end of » years is P ^1 + ; hence 

p( 1 + > )'=p + ![Z!= p( 1 + JL) 

V »/ too v mo/ 


or 


0+iV-1 1H0+,r ; 

V ,,/ luo l no 


n. log. + -^=log. (100 + *■) — log. 100 

— Iog.(l00 + ir)~ 2, since log. 100 = :l, 
and log. ^1 - ^log.(l00 + tt) — 2^. 

Substitute this value of log. (1 + - the expression lj °"' 

° V P> log.(l + - ) 

V' 

(Formula V. Art. 200), and wc have k°g : m - 

-( lo « , ( 100 + 7r )~ 2 ) 

for the number of years in which the population of a 

country will be increased m times, if it goes on increasing 
at the same rate as it has done for the last n years preced¬ 
ing the period at which the census is taken. 


202. If the census be taken every ten years, and the 
period of doubling be required, then n=10, rn= 2, and the 

foregoing expression becomes --Log. 2- By 

Yo ( lo £* (100 + w)— 2 ) 

substituting in it for it the particular value of the per 
oentage, the following Table exhibits the corresponding 
period df doubling. 
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LX. 


A TABLE, exhibiting the Period in which the Population of a Coun¬ 
try has a tendency to double itself, from an estimate of its increase 
per cent, taken at the end of every Ten Years. 

1. 

11. 

III. 

lVr Outage 
Increase in ten 
years. 

Numerical Value of 
^(log.(l00 + w)-2). 

Period of Doubling. 
Log. 2. r>r .3010300 

ji(lo S .(100+»)-2) 

TT = 1.0 

.00013211 .* 

696.60 years 

1.5 

.00061660 . 

465.55 

2.0 

.00086002 . 

350.02 

2.5 

.00107239 . 

280.70 

3.0 

.00128372 . 

234.49 

3.5 

.00149403.• 

201.48 

4.0 

.00170333 . 

176.73 

1.5 

.00191163 . 

157.47 

5.0 

.0021IS93. 

112.06 

TT 5.5 

.00232525 . 

129.46 years 

6.0 

.00253059 . 

118.95 

6.5 

.00273496 . 

110.06 

7.0 

.00293838 . 

102.44 

7.5 

.00314085 .. 

95.84 

8.0 

.00334238 . 

90.06 

8.5 

.00354297 . 

84.96 

9.0 

.00374265 . 

80.43 

9.5 

.00394141 . 

76.37 

10.0 

.00413927 . 

72.72 

♦ 

TT = 10.5 

.00433623 . 

69.42 years 

11.0 

.00453230 . 

66.41 

11.5 

.00472719 . 

63.67 

12.0 

.00492180 . 

61.16 

12.5 

.00511525 .i 

58.84 

13.0 

.00530784 . 

56.71 

13.5 

.00519959 . 

54.73 

H.O 

.00569049 . 

52.90 

11.5 

.00588055 .. 

51.19 

15.0 

.00606978 . 

49.59 
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A T ABLE, exhibiting the Period in which the Population of a Coun¬ 
try has a tendency to doibuc itself, from an estimate of its increase 
per cent taken at the end of every Ten Years. 



Per Centage 
Increase in ten 
years. 


15.5 
16.0 

16.5 
17.0 

17.5 
18.0 

18.5 
19.0 

19.5 
20.0 


Numerical Value of 
J ~(lo g .{100 + ar)-2). 


.00625820 
.006^4580 
.00663259 
.00681859 
.00700379 
.00718820 
.00737184 
.00755170 
.00773679 
.00791812 


Period of Doubling. 
Log. 2. or .3010300 


-^(log.(l00 + flr)-2) 


dS. 10 years 

46.70 

45.38 

4 1.14 

42.98 

41.87 

40.S3 

39.S 1 

38.91 

3S.01 


20.5 
21.0 

21.5 

22.0 

22.5 
23.0 

23.5 

21.0 

21.5 
25.0 


.00S09870 

.00827854 

.00845763 

.00863598 

.00881361 

.00899051 

.00916670 

.00934217 

.00951694 

.00969100 


37.17 \e.irs 

36.56 ‘ 

35.59 

3 l.S5 

31.13 

33.48 

32.83 

32.22 

31.63 

31.06 


Ti = 23:5 
26.0 

26.5 
27.0 

27.5 
28.0 
.28.5 
29.0 

29.5 
30.0 


.00986137 

.01003705 

.01020905 

.01038037 

.01055102 

.01072100 

.01089031 

.01105S97 

.01122698 

.01139434 


30.51 years 

29.99 
29.48 

28.99 
28.53 
28.07 
27.61 
27.22 
26.81 
26.41 
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A TABLE, exhibiting the Period in which the Population of a Coun¬ 
try has a tendency tofeouBMt itself, from an estimate of its increase 
per cml. taken at the end of every Ten Years. 



Per Centage 
Increase in ten 
years. 



Period of Doubling. 
Log. 2, or .301 0300 


26.03 years 

25.67 

25.31 

21.96 

2 1.63 

21.30 

23.99 

23 68 

23.38 

23.09 


rr = 35.5 

.01319303 . 

22.81 years 

36.0 

.01335389 . 

22.51 

36.5 

.01351327 . ?... 

22.27 

37.0 

.01367206 . 

22.01 

37.5 

.01383027 . 

21.76 

38.U 

.01398791 . 

21.52 

38.5 

.01411498 . 

21.28 

39.0 

.01430118 . 

21.01 

39.5 

.01415712. 

20.82 

■10.0 

.01461820 .. 

20.59 

7T = 41 

.01492191 . ... 

• 

20.17 years 

42 

.01522883 . 

19.76 

13 

.01553360 . 

18.37 

44 

.015S3625 . 

19.00 

45 

.01613680 . 

18.65 

46 

.01643529 . 

18.31 

47 

.01673173 . 

17.99 

48 

.01702617 . 

17.68 

49 

.01731863 . 

17.38 

50 

.01760913 . 

17.09 

* 
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, This is the Table of which the first and tftra columns 
'have been inserted by Mr. Maltlms^at page 498, Vol. I. 
of the sixth edition of his Essay on Population. 


From the Parliamentary Report of the Population of 
England and Wales, it appears 

f which gives an in¬ 
crease of about 14.5 
per cent, from 1800 

. ‘ 1820 . 12218500'to 1810, ami of about 

[persons 16.0 per ci nt. from 
1810 W 1820. 

From hence, by referring to the Table, we infer that, 
taking the average rate of increase from 1600 to is 10, the 
population of England and Wales lmd in 18 ] o a ifttlvncy 
to double itself in about 51 years ; and, taking the n\ crugc 
rate of increase from 1810. to 1820, it had in 1 S 20 a ten¬ 
dency to double itself in about 4 6 years. 


t ii k i:vn. 


Richard Watte, Printer. Crown Court. Terhplt- Iter. 









